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D ■ 

Abstract. We formulate the flipped SU(5) x U(1)-GUT within the frame- 
work of non-associative geometry. It suffices to take the matrix Lie alge- 
bra su(5) as the input; the u(l)-part with its representation on the fermions 
psj I is an algebraic consequence. The occurring Higgs multiplets (24. 5. 45. 50- 

^ ' representations of su(5)) are uniquely determined by the fermionic mass matrix 

I and the spontaneous symmetry breaking pattern to SU(3)p X U(l)^^. We find 

' the most general gauge invariant Higgs potential that is compatible with the 

, given Higgs vacuum. Our formalism yields tree-level predictions for the masses 

■ of all gauge and Higgs bosons. It turns out that the low-energy sector is iden- 
, tical with the standard model. In particular, there exists precisely one light 

■ Higgs field, whose upper bound for the mass is 1.45 771*. All remaining 207 
Higgs fields are extremely heavy. 
PACS: 02.40.-k; 12.10.Kt; 12.60.-i; 14.80. Cp 

Oh. keywords: non-associative geometry; grand unification; masses of Higgs bosons 



^ ■ 1. Introduction 

H ; 

One of the most important applications of non-commutative geometry (NCG) 
to physics is a unified description of the standard model. The most elegant 
version rests upon a K-cycle with real structure 0, see for details of 

the construction. The standard model is the only realistic physical model that 
one can formulate within the most elegant NCG-prescription |]TU[. On the other 
hand, there exist good reasons why one could be interested in Grand Unified 
Theories (GUT's): GUT's explain the quantization of electric charge, yield a 
fairly well prediction for the Weinberg angle, explain the convergence of running 
coupling constants at high energies, include massive neutrinos to solve the solar 
neutrino problem, produce the observed baryon asymmetry of the universe, etc. 
However, the results of imply that one needs additional structures or different 



methods for a NCG-formulation of these models. 

The perhaps most successful NCG-approach towards grand unification was 
proposed by Chamseddine, Felder and Frohhch. In the SU(5)-model the 
authors start to construct an auxiliary K-cycle. Within this framework they con- 
struct the bosonic sector. Then they interpret some of these bosonic quantities 
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as Lie algebra valued and consider Lie algebra representations on the physical 
Hilbert space to obtain the fermionic sector. An aesthetic shortcoming of that 
approach is the auxiliary character of the K-cycle, which of course is inevitable in 
view of [0. The SO(10)-model |0| by Chamseddine and Frohlich fits wellQ into 
the NCG-scheme. The reason why this model was excluded in [T^ is that only 
models possessing complex fundamental irreducible representations were admit- 
ted in that article. 

The author of this paper has proposed in |]l3l a modification of non- 
commutative geometry. In that approach one uses skew-adjoint Lie algebras 
instead of unital associative *-algebras. Lie algebras are non-associative alge- 
bras - this is the motivation for the working title "non-associative geometry". 
The advantage of non-associative geometry is that a larger class of physical mod- 
els can be constructed from the same amount of structures as in the most elegant 
NCG-formulation. That class includes the standard model |jT^ and the flipped 
SU(5) X U(1)-GUT as well, as we show in this paper. The SU(5)-model can be 
obtained as a special case. For the classical treatment of the flipped SU(5) x U(l)- 
model see [|^. 

We give in Section g a recipe how to construct classical gauge field theories 
within non-associative geometry. The arguments why this recipe works can be 
found in |]13[. In Section | we construct the matrix part of the SU(5) x U(l)- 
model: In Section |3.1| we consider relevant su(5)-representations. The remaining 
ingredients of non-associative geometry are defined in Section RT^. Then it is not 



difficult to derive in Section |3.3| the matrix part of the connection form. Finally, 
we perform in Section 3^ the factorization of the curvature with respect to a 
canonically given ideal, which we construct before in Section |0 . 

In Section^ we include the space-time part and derive the action for our model: 
Out of the curvature obtained in Section 41 we build in Section O the bosonic 
action. To compare it with usual formulae of gauge field theory we write down 
this action in terms of local coordinates, see Section [4.3| . The fermionic action 
is derived in Section iA. Comparing it with phenomenology we can identify 
certain parameters of the generalized Dirac operator with fermion masses and 
Kobayashi-Maskawa mixing angles. 

This information plays an essential role in deriving the masses of the Higgs 
bosons in Section ^ Finally, we comment on a formal derivation of the SU(5)- 
GUT in Section ^ 



2. The Recipe of Non-associative Geometry 

The basic object in non-associative geometry is an L-cycle (g, h, D, vr, F) , 
which consists of a ^-representation vr of a skew-adjoint Lie algebra g as bounded 
operators on a Hilbert space h , together with a selfadjoint operator D on h with 
compact resolvent and a selfadjoint operator T on h , T"^ = idh , which commutes 
with 7r(0) and anticommutes with D . The operator D may be unbounded, but 

^Nevertheless, the use of Lie algebras instead of algebras could probably justify certain 
assumptions made in j|] . 
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such that [D, tt{q)] is bounded. L-cycles are naturally related to physical models 
on a space-time manifold X if the following input data are given: 

1) A unitary matrix Lie group G and its associated gauge group Q — C°°{X) 
G. Here, C°°{X) denotes the algebra of real-valued smooth functions on 
X. 

2) Chiral fermions ■0 transforming under a representation ttq oiG . The induced 
representation of the gauge grouip ^ is tt = id i^ttq . 

3) The fermionic mass matrix Al , i.e. fermion masses plus generalized 
Kobayashi-Maskawa matrices. 

4) Possibly the spontaneous symmetry breaking pattern of G . 

For technical reasons we pass to a compact Euclidian spin manifold X. We take 
Q — C°°(X)(8)a as the Lie algebra of Q . Here, o = a' ©a" is a skew-adjoint matrix 
Lie algebra, where a' is scmisimplc and a" Abelian. We shall only consider the 
case that the Abelian part is not present, i.e. a = a' . We choose h = L'^{X, S')(S>C^ 
as the space where the Euclidian fermions tj^ live. Here, L'^{X,S) is the Hilbert 
space of square integrable bispinors. We take tt = 1 tt as the differential tt* , 
where tt is a representation of a in M^rC. We define D — D^lp + ® M , where 
D is the Dirac operator associated to the spin connection and M. € Mj^C . Here, 
7^ (S> has to coincides with M. on chiral fermions. The chirality properties of 
the fermions are encoded in F = 7^ F, where {F, M.} = and [F, 7r(a)] = . 

The recipe towards the (classical) gauge field theory associated to the L-cycle 
is the following: Let Q^a be the space of formal commutators 

^' = Ea,.>oK,l--K,dal]...]], aj^ea. (2.1) 

Apply linear mappings n : a ^ MpG and a : f^^o ^ MpG defined by 

H^') Ea,.>o[^«), [■ ■ ■ [^(«a), HMMO]] ■■■]], (2.2a) 
Hu^') E«,.>o[^«), [■ ■ ■ [Hal), [M^ n{al)]] ...]]. (2.2b) 

Define Q^a 3 u;- ^ T^aKa, K-i,a, ■ ■ ■ Ka^^lJ •••]], where a;i„ G QH. Ex- 
tend TT and a recursively to Q^a by 

7r([o^\ 0^^=]) := 7t{uj^)tt{uj'') - (-l)''7r(cu'=)7r(a;^) , (2.3) 
a{[u;\ u'']) := a{uj')7i{uj'') - 7r(a;^)a(a;^) - 7r(a;^)a(a;'^) - (-l)'=a(a;'=)7r(a;^) . 

Define for n >2 

7r(J"o) := { a(u;"-^) , u;"-^ e Q"-^onker7r } . (2.4) 

Define spaces f°o C M^tC and r^a C Mi?C elementwise by 



A = -(r°a)* -f(r°a)f , 
[r°a, 7r(a)] C 7r(a) , 
{rV7r(o)} C {7r(a),7r(a)} + 7r(n'a) , 
[rV7r(a)] C 7r(Q^a) , 



rV = -(r^a)* = -f(rV)f , 
[i:\fc{n^a)] CTi{n^a) , (2.5) 
{rV7r(n^a)} C {7r(a),7r(Q^a)} + 7r(Q3a) , 
{rV 7r(QV)} C 7r(Q^a) + {7r(a), 7r(a)} . 
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Define spaces j°a, j^a, j^a C M^^C elementwise by 





A 


:= c°a , 




fa 


:= , 






fa 


■.= (c\ + 7r{j'^a) + {7c{a) 


>7r(a)} , 




where 


(2.6) 






= -(c^a)* = f(c°a)f , 




c^a 


= -(^a)* = 


-f(c°a)f , 






= (c°a)* = f(c°a)f , 












■ T^ia) 


= 0, 




■ n{n^a) 


= 0, 






■7r(o) 


= 0, 




■ n{n^a) 


= 0, 






7r(a)] 


= 0, 






= . 





The connection form p has the structure 



(2.7) 



where A'^ is the space of differential /c-forms represented by gamma matrices. 
The curvature 6 is computed from the connection form p by 

^ = dp + p2 _ i{^5 (g,M,p} + a,{p)^' + , 

j\ = (a2 ® fa) © (AS' ® j'a) © (AO fa) , ^ ' ' 

where d is the exterior differential and the extension of id ©o" to elements of 
the form (|2.7|). Select the representative t{9) orthogonal to J^g , i.e. find j G J^g 
such that 

c{9) = dp + p2 _ i{^5 ^M,p} + a{p)-f^ + j , 
/dxtr,(c(^)j2) = 0, Vj2GJ%. ^^-^^ 

The trace tr^ includes the trace in M^C and over gamma matrices. Compute the 
bosonic and fermionic actions 



/ dx trc(c(^)2) , Sf= [dxil)*{D + ip)V 



(2.10) 



where Qq is a coupling constant and i/' G /i . Finally, perform a Wick rotation to 
Minkowski space. 



3. The Matrix Part of the Unification Model 

3.1. The Representations under Consideration. We shall adapt our nota- 
tions to the SU(5) X U(l)-model. In contrast to what one could expect from the 
classical treatment of that model, the matrix Lie algebra is not su(5) © u(l) 
but Q = su(5) . In our approach, the u(l)-part is not an input of the model but 
an algebraic consequence. The internal Hilbert space is 

C^92 = (10 © 5* © 1 © 10* © 5 © 1) © © C% (3.1) 

where 10, 10*, 5, 5*,! are representations of su(5) . Since we consider linear oper- 
ators on C^^^ , we need the decomposition rules for homomorphisms between the 



GRAND UNIFICATION IN NON-ASSOCIATIVE GEOMETRY 



su(5)-representations occurring in (|3.1|): 

End(lO) =End(10*) =10® 10* 

End(5) =End(5*) =505* 
End(l) 

Hom(5, 10) = Hom(10*, 5*) = 5* ® 10 

Hom(5, 10*) = Hom(10, 5*) = 5* ® 10* 

Hom(5*,5) = 5 (g) 5 

Hom(10*,10) =10 10 
Hom(l,5) =Hom(5*,l) 
Hom(l,10) =Hom(10*,l) 



1 
1 
1 
5 

10 
10 

5* 
5 

10 



i 24 
' 24 

1 45* 
1 40* 

' 15 
> 45 



75 



50 



(3.2a) 
(3.2b) 
(3.2c) 
(3.2d) 
(3.2e) 
(3.2f) 
(3.2g) 
(3.2h) 
(3.2i) 



We identify the matrix Lie algebra su(5) with its 24-represent at ion . Then, 
we get a natural representation vr of su(5) in End(C^^^) by selecting the 24- 
representations in ( p.2|) : 



'^7rio(a) 














\ 





715(a) 




















03 
















(7rio(a) 




















71-5(0) 







v 












03 


/ 



(S) If 



(3.3) 



Here, ttiq and tts denote the embeddings of 24 into ( p.2|) . 

We define the 75-representation of su(5) occurring in the decomposition (|3.2a| ) 
as the set D of 10 x 10-matrices of the form 



V := { V e su(lO) , tr('U7rio(a)) = Va G a } . 

Next, we consider the 5-representations occurring on the r.h.s. of 
b = be the vector space of matrices represented in the form 



TT 



b = i(6i 


b2,h,b4,b 


5)^ , kec. 




le a hnear map tt of b in End(C^^^) , putting 




/ 




7rio,io(fe) 7rio,5(&) 


\ 







vrio,5(^)^ 


^5,1 (^) 











-7i"io,io(&)* -7rio,5(&) 









-vrio,5(&)* 


-^5,1 (^) 







\ -TT^Aby 










(3.4) 
. Let 

(3.5) 



(3.6) 

The matrices vrio,io(&), 7rio,5(^) and 775^1(6) are the embeddings of 6 G 5 into 10(S>10 , 
5* (g) 10 and 1 ® 5* , see (^. Observe that 

[7r(a),7r(6)] = n{ab) G 7r(b) , a E a , b E b . (3.7) 
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Due to the first three formulae in ( |3.2| ), the 24-parts and the 1-parts of 
7iij{b)nij{b)* , respectively, must be correlated. Indeed, we find with 

{b,b)' := bb* - itr(66*)l5 e ia 



(3. 



the identities [12 



vrio,io(&)vrio,io(fe)* = ivrio(i(&,&)') + |(&*&)lio , 
vrio,5(&)vrio,5(fe)* = -i7rio(i(6, 6)') + |(&*&)lio , 
vrio^*7rio,5(&) = ivr5(i(6,6)') + l{b*b)l, , 
vr5,i(6)7r5,i(&)^ = -i7r5(i(6,6)') + Ub*b)l 



(3.9) 



5 ; 



vr5,i(&)^vr5,i(6)=(6*6) . 



Moreover, we consider the 45-repr esent at ion of su(5) occurring in (|3.2d|) . It is 
the vector space tt) of 10 x 5-matrices determined by 

to:={we Hom(C^ C^°) , tr(w 7rio,5(&)*) = V6 G 5 } . 



(3.10a) 



One has 



[a, w] := 7rio(a)w — wn^^a) Gtt), w E tv , a & a . (3.10b) 

Finally, we consider the 5 0-represent at ion of su(5) occurring in (|3.2g| ). It is 
the vector space c of symmetric complex 10 x 10-matrices determined by 



c : = 



{ c G MioC , c 



tr(c7rio,io(&)*) = V6G5 } . 



(3.11a) 



One has 



[a, c] := 7rio(a)c — c7rio(a) = 7rio(a)c + C7rio(a) Gc, aGa, cGc. (3.11b) 

3.2. The Mass Matrix. Now we define the mass matrix A4 of the L-cycle. 
Let 

m = 7r5(m) := i diag(-|, -|, -|, |, |) G a , 

7rio(m) = idiag(|,i,|,i,|,i,-|,- 
n:=i(0,0,0,l,0)^ G b , 



4 6> 
'5' 5' 



(3.12) 



m 



/03X3 


03X3 


03X3 


03xl\ 


03X3 


03X3 


03X3 


Oaxl 


03X3 


03X3 


03X3 


Oaxi 


V0lx3 


0lx3 


0lx3 


-1/ 



G C 



n 



( 13 


O3XI 


OsxA 


03X3 


03X1 


Osxl 


03X3 


03X1 


Osxl 


\0lx3 


Olxl 


3 / 



G m 



Then we put 



M 











-Mio,io 


Mio,5 





\ 





-Ms 





-Mfo,5 





-M5,l 
















Ml, 







-^lo.io 







Mio 















-^5,1 





M, 







\ 


Ml, 














/ 



where (3.13a) 
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Mio = mw{m) (g) M[o , 
A< 10,10 = i7rio,io(^) ®M'a + im ® 
A^io,5 = ivrio,5(?^) ® + in' ® . 



A^5 = -i7r5(m) (g) Mg , 
-M5,i = ivr5,iH , (3.13b) 



Here, M[q, Mi^, M'^, M^, M'^, M'^, are 6 x 6-matrices of the following block 
structure: 



M' 







(3.14) 



for i G {5, 10} and / G {u, d, e, n, N} . The only condition to the 3 x 3-mass 
matrices Mio, M5,Mu,Md,Me, Ma and Mn is 



= Mj 



Mm = M; 



N 



(3.15) 



The final input of our L-cycle is the grading operator f , which we choose as 



-ii6 ®r' 

096 







96 



ii6 ® r' 



f' 



I3 






-I3 



(3.16) 



From (|3.3| ) and ( 3.16|) there follows that f commutes with 7r(a) . The fact that f ' 



commutes with M^ den n anticommutes with M(q 5 implies that T anticom- 
mutes with Ai . Therefore, the tuple (o, C^^^, A^, tt, f ) is an L-cycle. 

Let us summarize the block structure of this L-cycle, for instance in terms of 
4 X 4-block matrices with entries in 48 x 48-matrices: 





(a 








o\ 




( ° 




Mf 


\ 




(- 


'l48 








\ 




7r(a) = 





A 








, M = 


M* 








Mf 


, f = 







l48 


















A 







M} 




















148 

















^) 






M} 


Mf 


) 




[ 











-l48y^ 




with 


























(3.17) 



A := diag (7rio(a) (g) I3 , n^ia) ® I3 , O3) 



M^ := diag (i7rio(m) (g) Mio , -ivr5(m) (g) M5 , O3) , 

ivrio,io(ra)OMd + im'^MN i7rio,5 (n)OMii + in' O M, 
A</: = | i7rio,5(n)^®Mj + in'^0Mj 

i7r5_i(n)'^®Mj 







3.3. The Structure of n{Q^a) and 7r(fi^a). We recall ( p.2a| ) that elements 
G 7r(fi^a) are of the form 



(3.18) 



Using (13), (ICTbD and the fact that ^ is a representation we obtain the explicit 



structure of elements G n{Q^a): 
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r 



7rio(a)(g)M{o 











7r5(a)«)M^ 




7rio,io(&)«)M^ 




IT 







(3.19a) 
\ 





7r5,i(6)(g) Af^ 
7r5.i(6)^® Af^^ 



-c* ® Af^r 
-7rio,5(&)*®M^* 
-w* (g) AT^* 

V 



-7rio,5(6)(8)A^4 




-w(g) AT^ 

-TT5,i{b) ® M'^ 
7r5,i(&)*®M^* 



-7rio(a) (g) M[q 








-7r5(a)«) AT^ 




« = Ea,^>o[<' [• • • ["^' «°]] • • • ]] e a : 

^ = Ea,^>oK' [■ • • <]] 

c = Ea .>o[<' [• • • •••]]£<: 








(3.19b) 
(3.19c) 
(3.19d) 
(3.19e) 



Here, the commutators ( |3.19d|) and ( p.l9e|) are understood in the sense (|3.10b|) 
and ( |3.11b|) . It is obvious that a, 6, c, w are independent as elements of different 
irreducible representations of su(5) . 

Next, we are going to construct 7r(f2^a) . According to (|2] 
Tiiyt^a) are obtained by summing up elements of the type 



Thus, using (|3.9|) we get from ( |3.19a|) the structure 
/ 



elements G 
(3.20) 



no 


''"10,5 


Tl0,l 


Tl0,10 


•7"10,5 





10,5 


^5 





'10,5 





^5,1 


T* 
'10,1 





n 





5,1 












^0 






''"10,10 


Tl0,5 


''"foTs 


''"10,1 


T* 

'10,5 







10,5 


1"5 








^5,1 





'10,1 








where 



(3.21a) 



TlO 



i7rio(i(6,6)') ® {MiM'^* - M',M'/) - (6*6)lio ® ^M^M^* + fM^ 
+H^io(a),vrio(a)} ® M^o^ 



-cc' M-j^M-j^ - - c7rio,io(&)* ® M;yM^* - 7rio,io(&)c* ® M^M;^* 
:i7r5(i(6,6)') ® (M^Mf - M-M^) - (6*6)15 ® (fM^M^ + ^M^Mf ) 
+ H^5(a),7r5(a)}®Mf (3.21b) 

-6*6 o m:^m: , 
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rio,io = vrio,io(afe) ® \{M[^M'^ + M'^M'J) 

+ (7rio(a)7rio,io(&) - vrio,io(fe)7rio(a)^) ® UKoK ' KK^) 
+ (7rio(a)c + C7rio(a)^) ® \{M[^M'^ + M^M^q^) 
+ (7rio(a)c - C7rio(a)^) ® \{M[^M'^ - M'j^M'J) , 
rio,5 = vrio(a)7rio,5(&) ® M^qM^ - 7Tio,5{b)n5{a) ® M^M^ (3.21c) 

+7rio(a)«; ® M^qM^ - W7r5(a) ® M^M^ , 
^loTs = -^io,ioib)w ® M^M; - ctZJ ® M^ M^ -c7r io,5(&) ® M^^M^ , 
Ts^i = 7r5,i(a6) ® Mf , rio,i = -W7i5,i{b) ® M^M^ . 



3.4. The Structure of the Connection Form. We know from (277) that for 
constructing the connection form p we need knowledge of the spaces r'^a and r^a 
determined by the equations ([2.51). To compute the structure of elements r]^ G r°a 
we first decompose rj^ according to (|3.2| ) into irreducible su(5)-representations, 
each of them tensorized by MgC Then, the condition [r°a, 7r(a)] C 7r(a) yields 
the block structure 

= 7r(a) + i diag(lio ® m'^g , I5 (g) m'g , m[ , lio ® m~ , I5 ® m'^ , m[) , 

where a G a and - ~ - are selfadioint elements of MrC The condition 

10,5,1,10,5,1 

r°a = r(r''a)r implies = diag(mj, rhi) , for nii, rhi G M3C . 

We insert this structure into the condition [r°a, 7r(r2^a)] C 7r(f2^a) . Using 
(|3.19a|) , (|3.71 ), (|3.10b|) and ( p.llb|) we obtain from the off-diagonal blocks the 
equations 



rjiioMd — MfimjQ = —iaM^ , rriioMiy — M^mj^ = —ia'Mjy , 
mioMu - Mu-m^ = -iaMu , rriioMn - MnUi^ = -\a" Mf, ■ 

rn^MT - Mlm^^ = -i«Mj , mgMj - Mjm^g = -ia" MT 
ms,Me - Mefui = -iaMe , miMj - Mjmg = -iaMj , 



(3.22a) 



for a, a', a" G C . The same equations hold for rhj , with the same parameters 
a, a', a" . Multiplying the first equation by from the right and subtracting 
the Hermitian conjugate of the resulting equation we get for instance 

[mio, MdM*] = -i(« + «)MdM* . 

Applying the trace and respecting tr^M^M^) > we get a = iA , for A G R . 
Analogously, we have a' = iX' and a" = i\" . Thus, we find the equations 

[mio, M,M*] = [mio, M^M*^] = Ko, M^M?] = Ko, M^M?] = . (3.22b) 

For generic mass matrices Md^N,u,h , these equations can only be satisfied for 
"^10 = (^""1-^)13 , for z/ G R. We assume that M^^^ e are invertible and find the 
solution 

rriio = {u - , ms = (z/ - |A)l3 , mi = (z/ - |A)l3 , ,'322) 

"^10 = ('^+ 1^)13 , m5 = (z/+|A)l3 , mi = (z/+|A)l3 , 
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where z/, A G R . For rfij we get the same equations, with the same A but possibly 
a different P instead of p . Inserting this result into the TTiQ-block we get the 
equations 



(z/ - z>)Mio = (3Mw , - ^>)M*o = -(3M- 



10 ' 



which are only compatible with v = v . Thus, we obtain with ( ^.31 ) the preliminary 
result 

rf = 7r(a) + 7r(u(l)) + iz/liga , (3.23a) 
7r(iA) := iA diag( -^lio , fls , -| , |lio , -fls , | ) ® le • (3.23b) 

Now, one finds [1^ that the u(l)-part ^(u(l)) is compatible with the two con- 
ditions {T%7i{a)} C {7r(a),7r(a)} + 7r(fi2a) and {r°a, 7r(fi^a)} C {n{a),7r{Q^a)} + 
7r(n^a) , whereas the identity part iz/li92 is not. Here, one has to use the following 
identities: 



tr(7rio(a) 7rio(a)) = tr(7rio(a) 7rio(a)) = 3 tr(aa) 



(3.24a) 



tr(7r5(a) 7r5(a)) = tr(7r5(a) 7r5(a)) = tr(aa) , 
i{7rio(a),7rio(a)}24 = i7rio(i{7r5(a),7r5(a)}24) , (3.24b) 
(7rio(a)7rio,5(&))5 = |7rio,5(a&) , (7rio,5(&)7r5(a))5 = -i7rio,5(a&) 

(7rio(a)7rio,5(&))45 = (^io,5(&)7r5(a))45 , (7rio(a)w)5 = (u;7r5(a))5 , 



(3.24c) 



ioT a e a, b e b and w E tv . 

The evaluation of the formulae for r^a in ( |2.5| ) yields for a generic choice of 
the mass matrices Mu^d,e,h,io,5 the simple result r^a = n^Q^a) . Therefore, the 
connection form has the structure 

p G (A' ® (7r(a) + 7r(u(l)))) © (A^^ ® fr{n^a)) . (3.25) 

We see that our formalism generates an additional u(l)-part for the connection 
form and determines uniquely its representation ( |3.23b| ) on the fermionic Hilbert 
space. Remarkably, this representation is realized in nature! 



3.5. The Ideal j^o. We recall ( p.4| ) that for the analysis of 7r(j7'^a) we must find 
the space of elements (3"(u;^) , where cu^ G Q^a fl kervr. For the computation of 
(t(ciJ^) we need knowledge of , see ( p.2b| ). We define 

vo := i diag(-|, -i, -|, -|, -|, -|, |, |, i, 1 ) G , 
h = Mh) := i diag (0, 0, 0, i, -|) , (3.26) 
7rio(/3) = i diag (|, i, i, -i, -i, -i, 0, 0, 0, 0) 

and abbreviate 



M' := M- + M- , 

u u ' n ' 



M'^:=Mi-?,Mi, 



(3.27) 
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analogously for the primeless matrices M„ ^ 
we find the following formula for A^^ : 



. Then, using {^J^ and QXTBI ), 







10,5 





(A^')io,io 







\ 


^ '10,5 




\T 
)5 












5,1 


























10,5 







(-^^)io:5 

























\ 




)5,1 
















(3.28a) 



where 



-ivrio(¥ + /a) ®(M:;M--M^M, 



{M 



1 

10,10 



- iTTsl^ + /a) ® (M^Mf - M-M;) 



(3.28b) 



(-M')5,l 

'10,5 



|7rio,io(^) « 
+t^io,io(«') 
f7r5,i(^)^ 
-i7rio,5(«) 



i(M(oM^ + M,M(o^) 



i(M(oM^-M,M{o^) - f m' ® i(M(oM^+M;vM{o) 



-in' ® (-iM(oM^ + \MiM', + iM(oM^ - ^jM^M^) 



-in ® 



(-^')io;5 

Here, n" is a generator of the 40* -representation of su(5) occurring in the decom- 
position ( p.2e|) : 

Osxl 03xl\ 
Osxl Osxi 
Osxl Osxi 
Oixl 1 

Due to ( p.4| ), the ideal Ti{J''^a) is given as the set of elements j2 of the form 

^2 = E >n[^«)' [• • • [*(«^)' [-^'' •••]]' ^^^^^ ^3.30a) 

(3.30b) 



n 



/03X3 
03X3 
03X3 

V0lx3 



G 40* 



(3.29) 



= E ,J^«),[...[^(ai),[-i-M,^(a° )]]...]] • 



<'a,2>0 
<2 



Obviously, terms in M. proportional to the identities lio, I5, 1 do not contribute 
to i2 . Next, the term {M.' 



J5,l 



which is % 

5 



fvr5,i(n) 



M'^ M'^ gives a contribution to j2 



Mg^ times (from the left) the contribution of — iA^s^i = n^^iiji) ® M'^ 
to ( ^.30b| ), and hence equals zero. For the same argument, all terms in (A1^) 10,10 
and (Ai^)io,5 do not contribute to • The same is true for the terms proportional 
to 7rio(m) and T^^{m) . Thus, there remain only contributions from the terms 



12 



RAIMAR WULKENHAAR 



-i7rio(f +/3) 

where 



Mi,o, -ivr5(f + /3) 



Ml 5 , -ivo ® and -in" O M^M; , 



A,5 



(3.31a) 



Ml,o := MX - M'.M'X , 



Ml . := M^Mf - M;*M; . (3.31b) 



Since the irreducible representations 24, 75, 5, 45*, 50, 40* are independent, it is 
always possible to fulfil ( p.30b|) and to generate by the commutators (|3.30a|) 
representations of arbitrary elements of 75 and 40*. Moreover, it can be checked 
that the generator y + /3 occurring in M.^ generates independent elements of the 
24-represent at ion . Hence, j2 G J2 '■= 7r(j7'^a) takes the form 



32 



i7rio(aj 



{\c" ® M'^M'^y (i^5( 








o 



(3.32) 
\ 



v 



o 



(i7rio(a) ®M|^^o 



ic" M'j^M^ 



{ic"0M'j^M^f i7r5(a)®M|_5 

/ 



where a e a, w e and c" e 40* • 

Let Jo := {vr(ci), 7r(a)} . From (|3.3|) and (|3.24|) we conclude that elements jo ^ Jo 
are of the form 



Jo 







+ iv 














\ 









f i7r5(a)'^ 













































falio - 


h ii7rio(a)^ 




















|al5 + i7r5(a) 







V 


















/ 



(3.33) 



where a EH, a G a and v E i> . 

It remains to find the spaces j°a, j^a, occurring in (pl6|). For generic mass 
matrices Mu^d,e,i>,w,5 the result is |1^ 



j°a={0}, fa={0}, fa = 7c{J^a) + {7r{a),7c{a)} + mig2 . (3.34) 



Let J3 := ]Rli92 • It is advantageous to construct an orthogonal decomposition 
Jo + J2 + J3 = {Jo + J3) ® J2 ■ The result is that elements j'2 G J2 are of the form 
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J'2 



i7rio(a) 



ud 



+1V ( 



ic" ® MjyM; 



(ic" MjyM;)* 




(i7r5(a)0M2„f 









(3.35) 



O 



o 



V 

where 



(i7rio(a)0M2^ 

(ic" M'^Mi;f 




ic" 



i7r5(a) (g) M, 




2 

en 






/ 



ML 



M2 

en 

r2 



2^tr(M;;M--M^M-+M^Mf-M-M;,)l6 
\ti{M'^Mi*-M',M'X+M'^M'/-M'^*M'Jl,} ' 

(3.36b) 



(M^M^-M^M-; 
(M^Mf-M^M;, 
M2 -ltr(M^)l6 

3.6. The Factorization. Due to ( p.34|) , the problem of solving (|2.9|) is equiva- 
lent to finding for each given G Tx{VL^a) an element j E J such that 

tr(r(r'+j)) = 0, VjGJ. (3.37) 



Since J is block-diagonal, the off-diagonal blocks , do not contribute to the 



trace ( |3.37| ). Next, in the parts 7rio;5(i(&, b)') we can (and must) modulo J2 replace 
MLML*-M',M;,* ^ MLML^-MiMi* = -MLML^*-M^ML*-ML^M^* , 

see ( 13.271 ). In the diagonal part ( |3.21b[ ) of let us define 



(3.38) 



^10 


= |{^io(«))^io(a)} 




= |{7r5(a),7r5(a)} , 


B 


= -b*b , 


(6, by 


= bb* - |tr(66*)l5 , 


jjlO 


= -cc* , 




= -c7rio,io(&)* 


ylO 


= —WW* , 




= yiO-i7rio(i(6,6)') 




= —w*w , 




= \/5 + 9i7r5(i(6,6)') 




= -TTlO,5{b)w* , 




= iyiO-i7rio(i(6,6)' 




= -W*7rio,5(&) , 




= - 3i7r5(i(6, 6)') 



(3.39) 



It is necessary to split [7^°, [7^°, 1/^° and according to (|3]2|) and 

and according to ( |3.2b| ) into irreducible components. It turns out that the 



non-vanishing components are 



410 

rrlO 
^24 

T/10 



410 

7-rlO 
•^75 ' 

T/10 



W^2^4° ' 



A' 



Al 

10 
75 

W^l4 



^24 5 



^75 5 



^24: ) 



(3.40) 
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For these components we find 

< = A tr(A^)l,, , Al = ltT{A')l, , A'l = A''-Al-A\' , 

Al = A'-ltT{A')l, , A^=-ii7rio(iAy , 

Ur = ^ tr(t/^°)l,o , W,^ = W'-W^J , Ul ^ f/io - - Ul , 

Vl' = ^ tr(F^)lio , V,' = l triV')!, , V,^ = V'^-V^-V,''' , (3.41) 

Vj=V^'-|tr(\/5)l5+9i7r5(i(6,6)') , = -i7rio(iV^4+i(6, 6)') , 

W^M+W^M* = -|i7rio(iVr^+iVr^*) , W^-W^* = |vrio(l^'-l^'*) . 

Here, the term V^24 ^ is obtained as follows: We decompose it^24 •= Sj=i ' 
where {/5j}j=i,...,24 is an orthonormal basis of a, tr(/?j/5j) = —6ij . One finds the 
equation aj = — | tr(7rio(iV'24)^io(/5i)) = ~| tr(iV^"'^°7rio(/3j)) , therefore, 

^VL = -I Ef=i tr(iVi07rio(/?,))/?, . (3.42) 

This formula shows the way how to obtain the other formulae of ( p.41|) . One can 
prove 

Z-t, tr(iAi07rio(/5,)) = E?ii tr(iAV5(/3,)) , 

tr(iiyiOvrio(/3,)) = E?ii tr(iiy^vr5(/3,)) . ^ ' ^ 



However, there is no such simple relation between the 10- and 5-components of 
the V^-part. 

Due to (|3.31a|) we can modulo J2 replace A\l (g) M[q by 

A'l ® (2M4Mr + 2M^M;* - AMtMt* - \M'^M'^*) . (3.44) 
Now we add to the element jo ^ <^ given by 
a = tT{A^)aA + Bob + tr(t/^°)ac/ + tr{V^)av , 

+{W''+W''*)(3w + i{W''-W''*)f3'w , (3.45a) 

= (Vf - 4AS7y + (f/S - MS)7^ + iPl + %°*)% + - Ulll'u 
+{Wl + * + AA'D^^ + i(H^i° - Wl^)^'^ . 

Moreover, we add the element j2 € J2 given by 

ia = Ay A - m^^{iU^)5u + V^ey - m^^{iV^)5v 

+ {W''+W^*)8w + i{W^-W^*Wy^ , (3.45b) 
it; = (If - AA'Dey + (f^^ - \A'l)eu + (^i° + Ul*)iu + i(t/i° - f/i°*)e[; 

+ {Wl + + 4Aj°)eH. + ml - Wl*)e'^ , 

and the element js G J3 determined by 

I. = tr(A5)a + 5Cb + tr(f/i°)Cc/ + tr(l^^)Cy . (3.45c) 
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As result, the matrix elements fio, f^, fi of 
tr(A5)lio®Mi° + tr(?7^° 



+ jo + j'2 + is take the form 



no 



lio ® + tr(V 
10 

24 



Ml! + u',! 



-ii7rio(iiy^ + iiy^* 



11 



10 



10 



nn 

iVTio (11^24 



10 



10 
bb 



10 



1; 

3 

2 ^75 J 



10 

un] 



'75 , 



75; 



75 ; w M[^°„] 

5 I +^/rrlO> 



(3.46) 



Ml, + tr(f/ 

24 ^^^aa "r 24 ^'^nn 



ivr 



fo^l 



f5 = tr(A5)l5^ 
fi = tr(A^) Mi + tr(f/i°) ® M,i, 



I5 ® Ml + tr(V^)l5 ® + 51. 



66 



ITC 



10 



24 . 



nn 5 



where the matrices M^j, M^j, M^j and M^j are given in Appendix 0. 

The last step before including the function algebra is to apply the map a o vr"^ 



defined in ( p.2b| ) to elements G 7r(f2^a) . Calculating a 



o 71"^ -"^(r-*^) means to 

calculate j2 in (|3.30a|) , however with the r.h.s. of ( p.30b|) equal to the given 
element and not equal to zero. We have listed the matrix elements of 
in (|;28D 



Again, terms in A4 proportional to the identities lio, I5, 1 do not 



-m 



contribute to j2 ■ Next, the terms proportional to —Wq , — ivrio;5(Y + -^3) 
contribute to the ideal 7r(j7'^a) , as explained above. Since we regard a o it' 
modulo ^(jT^a) , it is not necessary to consider these terms. Therefore, there 
remain only the terms 



-nTio[m) 



sU^^-'io 



4Mr M^, - 4Mr M; + 8Mr Mn 



(3.47a) 
(3.47b) 



in the diagonal blocks (A^^)io and [M." 



(A^^)ij , which give a contribution to a o 



)5 as well as the off-diagonal blocks 
"^) . As we have already noticed, 
the contribution of (A1^)5,i is |^ ® M'^ times the contribution of 7r5 i(n) ® 
to (|3.30b|) . We get analogous contributions from the other terms (A^^)j.j and 
{M^)i . Thus, we obt ain in the same notations as in ( |3.19a|) the formula 



( CTio 








T 
0^5 











cr 



10,10 



10,5 



O"l0,5 





\ 



0" 



5,1 





0"5,1 





C"l0,10 

T 

10,5 





a 



O'lO.S 





5,1 



\ 

0'5,l 





cr 








(710 
0-10,10 - 5 





^5 





where (3.48) 



-ivTiola 

-i7r5(a) ® (iMf - 4M^*M^ - 4M^*M^ + 8M;*M^) 
'Vio,io(&)®|(M{oM^+M^M(o^) 



+ M'j,M 



'■N > 



+ ivrio,io(ti;) ® \{M^^M'^-M'^M[^) - f c ® \{M^^M'^ + M'^M[^) 
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Now, it remains to perform the factorization in the diagonal blocks (|3.47aj) and 
(|3.47b|) . The same method as before yields that the representatives orthogonal 
to J2 © (-''0 + ^3) are 



(p7iD 

(p7bD 



1 /\/f 5 Q ]\/r5 



3i7rio(a) (g) 

iTTsfa)® (IMI -8M. 



8M 



10 

nn 



24M 



10 



M, 



10 \ 



_|_ 8 nfb 
{un} ' 3 nn 



+ 8Ml + \Ml 



(3.49a) 
(3.49b) 



4. The Action of the Unification Model 

4.1. The Curvature. Now we are able to construct the bosonic action of the 
flipped SU(5) x U(l)-grand unification model. We choose X to be a four di- 
mensional Riemannian spin manifold. When using a local basis {7'^}/i=i,2,3,4 of 
then the basis elements 7^^ are selfadjoint as complex sections of the Clifford 
bundle. Elements of A^ are locally represented by real linear combinations of 
{7^}^^;^ 2,3,4 • The grading operator is 7^ = ^^^^^^^^ . 

The first step is to write down the connection form p , which has according to 
( |3.25| ) the structure 



p = 7r(A) + 7r(A")+7M^) , ui) 
Aeh^® su(5) , A" eh^® u(l) , H eK'^®n^a. ^ ' ' 

Here, 7^ acts componentwise and vr = id®7r, where the matrix parts of vr(A) 
and 7r(yl") are given by ( p.3| ) and ( p.23b| ), respectively. Elements of 7r(fi^a) are 
specified by elements of a, b, c and tt) , see ( |3.19| ). Thus, we consider if as a sum 

H = ^ + <P + S + T , , , 

(4 2) 

!^gAO®o, ^GA°®b, HeA°®c, rGA°®ra. ^ ' ' 



Inserting (|4.1| ) and ( [4.2|) into formula ( p.8|) for the curvature, we find with ( p.48|) 



Q = d7r{A) + d7r{A") + |{7r(A), n{A)} 
- -f^{dn{^) + dn{(p) + d7r(H) + d7r(r) 

+ [7r{A)+7i{A"), n{^)+7i{^)+7i{S)+n{T)-iM]) (4.3a) 
+ {l{TT{^)+7i{<P)+n{S)+7i{T), n{^)+n{$)+n{S)+7i{T)} 
+{7i{^)+7r{<P)+7r{S)+n{r), -iM} + a^ip) mod ® jh) , 
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where 



•'-^rr{S®UM[,M'^+M'^M'J)) + \Ti{n,,^,,{T)®\{M[,M',-M',M'J)) 



(4.3b) 



- i7r(7rio,5(^) - 

- i7r(7rio,5(r) ® {-\M[,Mi + iM^M^ + iM(oM; - |jM^M^)) 

- |i7r(7rio(>^) ® {\m2 - 8M;,% + 8M^° + 24M^° + M]°)) 

- m{7i,m ® {\Ml - 8Mf„„} + |Mi + 8Ml + |MfJ) . 

Here we have denoted by vr the embedding of the selected matrix elements of 
( lOHl) into the matrix ( p^ . We have 

|{ 7r(<2>)+7r(<?)+7r(H)+7r(r), 7r(iZ>)+7r(^)+7r(H)+7r(r)} 
+{7r(iP')+7r(^>)+7r(H)+7r(r), -iA^} 

= i{7r(i^)+7r(^)+7r(^)+7r(f ), 7r(!^)+7r(^)+7r(^)+7r(f )} + , (4.4a) 

where 

§:=\P + m, i>:=(!> + n, S := S + m' , 



Let 



T:=T + n' 



(4.4b) 
(4.5) 
(4.6) 



o-g(p) := formula ( ^^Ej ) with ip' t-> !^ , ^ 

Then we obtain from ( [4.3a]) and (|3.28| ) 

^^ = d7r(A) + i{7r(A),7r(A)} 
- 7^(d7r(i^) + d7r(<f) + d7r(f ) + d7r(^) 
+ [7i{A) + 7t{A"), 7r{§) + niS) + 7r(^) + 7r(f )]) 

+ (i{7r(i^) + 7r(^) + n{S) + n{f), t:{§) + 7r(^) + 7r(^) + 7r(f )} + a^{p) 
+ diag ( lio ® (|Mi°+M,\°+12Mio+M]0) , I5 ® {lMl+M^,+12Ml+Mif 
lMl+M^,+12ML+M^c , lio ® (|Mi°+M,io+12Mio+MiO)^ , 
I5 ® (|Mi+M,Ul2Ml+M,^J , (|Mi+M,\+12Ml+MiJ^ ) 
mod A° ® j^a) . 

We define 



^:=7rio,5(^) , 
{^^cpy:=cpS* - |tr(<^^*)l5 , 



^:=7rio,io(^) 



-ITT 



(i(--^ 



Using ( p.46|) and (|3.21|) we obtain the following matrix representation of c{6): 



tie) 



( 010 


^16:5 


Oio,i 


^10,10 


^10,5 





\ 


0* 

^loTs 







^10,5 





6*5,1 




^10,1 





Ol 





Oil 







n* 

^^10,10 


^10,5 





^10 


0w:5 


^10,1 




n* 

^10,5 





0^,1 


^ioTs 


05 







\ 


Oh 





^10,1 





01 


J 



where 



(4.7a) 
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^10 = 7rio(dA + \{A, A}) ® le - \dA"liQ 7^7rio(d<^ + [A, % ® 



+ (I + tT{'^^^))lio ® Mi° + (1 - «)lio ® M^b (4.7 
+ (1 - tr(^^*))lio ® M'J + (12 - tr(f f *))lio ® 

- ii7rio(i(>^^ - }M^')1, - im ® + i7r,o(i(^^*)' - l^) ® 
+ i7rio(i((rr7 + |i.^-(^,^)'))®M^° 

+ i7rio(i(f *f - |^tr(f *f )l5 + 8# + 9(^, ^)')) ® 

+ ii7rio(i(r*l+l*r-8i#-6(^,^)')) ® M;1} -|i7rio(f *l-l*r) (g) MfJJ, 

- (SS* + Uir.om' - iMSS*) + I tr(^^))lio 
+i7rio(i(^S*)' + ii(#2 - |tr(#2)l5))) M,^° 

- (Sl* + Is*) ® M;,% - - Is*) Mf^ 



rlO 



- (f f * + 4(7rio(!^))' - i tr(f *f + 12lf^')lio 
+i7rio(i((rr*)' + - ^ tr(#^)l5))) ® 

- (Ir* + rl* - 4(7rio(?f'))' + I tr(#2)i^o 
+|i7rio(i(f *l + l*f -4.^2 + 1 tr(#2)l5))) ® M^i} 

- i(lr* - rl* - |7rio(r*l - l*f )) ® m^I, , 

^5 = 7r5(dA + A}) ® le - fdA'^lg ® le + 7'7r5(d!^ + [A, !^]) ® (4.7c) 
+ (I + tr(.^2)) ^ ^ _ ^ 

+ (1 - tr(SS*))l5 ® M,5, + (12 - tr(rf *))lio ® 



nn 

- i7r5(i('^^-| tr(#2)i, _ ^ Mf„ + i7r5(i(SS*)' - i#) M,^, 



5 



+ i7r5(i((rr*)'+|iiz^ - (^,^)'))®M, 

+ i7r5(i(f *f - I tr(r*r)l5 + SilP- + 9(^, ^)')) (8) 

+ i7r5(i(r*l + l*f - 81!^- - 6(^, 3)')) (8) Mf„„} - i7r5(r*l - l*f ) ® MJ„] , 

01 = -|dA"l6 + (I + tr(!P'2)) ® M^i^ + (1 - ^*^) ® M^^ (4.7d) 
+ (1 - tr(SS*)) ® Mi, + tr(12 - tr(rr*)) ® M^, , 

Vio = -7'7rio,io(d^ + iA+A"l,)i>) ® (4.7e) 
-'y\dS+7r,o{A)S+S7T^o{A f-A"S) « 
+ 7rio,io(!^^ - f ^) ® K^ioK + KMl 

+ (7rio(>^)7rio,io(^) - 7rio,io(^)7rio(>^)'^ + i7rio,io(r)) ® |(M{oM^-M^M(o'^) 
+ (moms + Snwi^f - f^) ® UKqM'n + M'j^M'J) 

Oio,5 = -7'7rio,5(d^ + {A+A"l^)^) ® (4.7f) 
- 75(df + 7rio(A)f - Tn^iA) + A"f)) (g) M'. 

+ (7rio('^)l - fl + it) M(oM^ - (I7r5('?^) + |l + |f ) ® M^M^ 
+ (7rio('^)r + f ^ - f f ) ® MioM^ - {fn,{^) + f ^ - ) ® M^M^ , 
^5,1 = -7'7r5,i(d^ + {A+A"l5)S) + 7r5,i(!^^ - |^) Mf , (4.7g) 
^10,1 = -fS (8) MiM^ , (4.7h) 



10 ) 

I T\ 



GRAND UNIFICATION IN NON-ASSOCIATIVE GEOMETRY 



19 



4.2. The Bosonic Action. It is convenient to put 



(4.7i) 



T 

4 



-i7rio,io(t) 
-i7rio,io(^) 



-i7rio(!^) , 



T 



-ir, 

-17^10,5 (^) 

7rio(A) . 



(4.8) 



It turns out that the computation of the bosonic action is not difiicuh now. The 
only problem is the length. All what one needs are the orthogonality of different 
irreducible representations and the relations 



tr(7rio(a)7rio(a)) = 3 tr(7r5(a)7r5(a)) = 3tr(aa) , 

tr {(A - ^ tr(A)lio - A24)(i - ^ tr(i)lio - ^24)) 

^tv{AA) - ^tv{A) tr(i) - tr(A24i24) > 



(4.9) 



for a,a E a and skew-adjoint A,Ae MiqC . We compute the Lagrangian C = 
trc((e(^))^) , where go is a coupling constant and trc the combination of 



1929^ 



the trace over the matrix structure with the trace in the Chfford algebra. For 
functions / e C°°(X) we have tre(/) = 4/ . We find: 

^tre((e(e))2)=£2 + A + >Co 



A = 4 tr,((dA + H^, Am + ^ tr^iidAr) , 



>Ci = ^//o tre((d* + [A*])2) 



4 So 



(4.10a) 
(4.10b) 
(4.10c) 



+ tre((d* + (A + A"l5)*)*(d* + (A + A"l,)^)) 

"0 



+ ^A*2 tre((dT + Ar-rA + >l"T)*(dY + - + ^"T)) 



+ 4a^3 tre((dH + AS + Hi^ - A"SY(dE. + iS + Si^ - A"S)) , 



6\2 



^ 2, 



/($ $ - 1)^ 
^ 2, 



/i^(tr(T T) - 12f 

6^ 



24 

+ /(tr(*^) - §)($> - 1) + //"(tr(*') - |)(tr(T'"T) - 12) 
+ /x^(***-l)(tr(Y*t)-12) 
+ /i^(tr(HH*) - 1)^ + /i^tr(HH*) - l)(tr(*') - |) 
+ /i'=(tr(HH*) - 1)($*$ - 1) + /i'^(tr(HH*) - l)(tr(Y*Y) - 12) 

5 — /V - — ' — 5 



(4.10d) 



+ /i'^tr((*H + H* -fH)(*H + H* - f H)*) 

T X _ _ X T 

' )(*H-H* )*) 

ixT i x_ _xT 



, x^ ^xTx. .xT 

+ tr((*H - )(*H-H* ) 



0) 



+ /iSRe(tr ((**-#* +iY)(1'H-S* 
+ /i^ Im(tr((*l - l*'^ + |t)(l'3 - 3*^)*)) 

+ $*(# - |l5)2# + / tr((M - 1*^ + |t)(M - 4*'^ + |t)*) 
+ tr((M - |4 + iY)*(|r| _ a4 + It)) 
+ /.j tr((4* + a4 + i Y)*(4* + |l + I Y)) 
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+ /.^ tr((l'Y + |4 - it)*(*t + |l - ft)) 
+ /x' tr((t* + f 4 - |jt)*(t* + f 4 - l^t)) 

- /."^ Re(tr((*4 - 1^4 + it)*(4* + a4 + it))) 
+ /.'^Re(tr((M - ^* + it)*(l't + |4 - ft))) 
+ Im(tr((*$ - I* + 1 t)*(*t + I* - ft))) 

- /.P Re(tr((** - + lt)*(t* + |l - ^t) 

+(4* + f I + it)*(4t + |l - ft))) 

- /.Mm(tr((^# - + lt)*(t* + |# - |jt) 

+(4* + a4 + it)*(4t + 14 - ft))) 

+ Re(tr(($* + A$ + lt)*(t* + f $ - ^t))) 
+ /.^ Im(tr((4* + a4 + it)*(t* + |4 - ^t))) 

- Re(tr((*t + I* - f t)*(t* + 1$ - ^t))) 

+ r t* t* + /.^ tr((t*l)io(t*l)to) + tr((t*4)4o(t*4)y 
+ tr((rH)io(t*H)to) tr((i(t*S)4o + |4H)(|(t*3)4o + f43)*) 
+ /ijRe(tr((r4)io(t*H)g) +/i-Re(tr((i(t*H)4o + |43)(t*4)y) 
+ /i'^Im(tr((t*4)io(t*H)y) +/i-Im(tr((Kt*H)4o + |4H)(t*4)|o)) 

+ tr((*'-|tr(#>5-|*)') 

+ tr((t*t - itr(t*t)l5 - 8* + 9##* - l^*^l^f) 
+ 11'' tr(((tt*)' - I* - + 1***15)') 

+ tr((t*4+4*t+8*-6***+|***l5)2) + p." tr(-(t*4-4*t)2) 

+ il^ tr((*'-i tr(#V5-|*)(t*t-| tr(t*t)l5-8*+9M*-|$**l5)) 

+ tr((*' - |tr(*')l5 - |*)((tt*)' - I* - + 1***15)) 

+ tr((*' - \ tr(*V5 - !*)(*** + **T + 8* - 6*** + |***l5)) 

+ tr((*' - itr(*V5 - |*)(t*4 - 4*t)) 

+ tr((t*t- itr(t*t)l5-8* + 9*** - |***l5)x 

x((tt*)' - I* - *** + 1***15)) 
^fj}' tr((t*t- itr(t*t)l5 -8* + 9*** - |***l5)x 

X (t*4 + 4*t + 8* - 6*** + 1***15)) 
+ tr((t*t - I tr(t*t)l5 - 8* + 9*** - f ***l5)(t*4 - 4*t)) 
+ iT tr(((tt*)' - I* - *** + 1***15) X 

x(t*4 + 4*t + 8* - 6*** + 1***15)) 
+ tr(((tt*)' - I* - *** + |***l5)(t*4 - 4*t)) 
+ /i° i tr((t*4 + 4*t + 8* - 6*** + |***l5)(t*4 - 4*t)) 
+ tr(((3H*)' - 1*)^) tr(((33*)' - !*)(*' - - \^)) 

+ tr(((33*)' - |*)(t*t - |tr(t*t)l5 - 8* + 9*** - |***l5)) 
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+ fi" tr(((HH*)' - |*)((tt*)' - I* - $r + |$*$l5)) 

+ tr(((SH*)' - |*)(t*4 + 4*t + 8* - 6$$* + |$*$l5)) 

+ i tr(((HH*)' - |*)(Y*4 - 4*t)) 

+ /iP( tr((tt* - 442)2) _ ^(tr(Y*t - 12*'))^- 

-3tr(((tr)'-|*%Atr(*V5f)) 
+ /2'i(tr((4Y* + t4* + 4*2)2) _ ^(tj,(^2^)2_ 

-i tr((t*4 + 4*t + 4*' - I tr(*V5)')) 
+ /2'-(tr(-(lt* -t4*)2) + |tr((t*4-4*t)2)) 

+ /2^(tr((Yt* - 4*2)(4y* + y4* + 4*2)) _ | tr(*^) tr(Y*Y - 12*V 

-tr(((YY*)' - I*' + ^tr(*')l5)(Y*4 + 4*Y + 4*' - | tr(#>5))) 
+ /i*i(tr((YY*- 4*2)(4y*_ y$*)) _ tr(((YY*)' - |*')(Y*4 - 4*Y))) 
+ /2''i(tr((4Y* + y4* +4*2)(4y* - y4*))- 

-| tr((Y*l + 4*Y + 4*^)(Y*4 - l*Y))) 
+ /is(tr((HH* - i*2)2) _ ^(tr(HH*) - |tr(*'))2- 

-3tr(((HH*)'-l*Vl5tr(*V5r)) 
+ /iHr((H4*+lH*)2) - /i' tr((H4*-4H*)2) 
+ tr((HH* - i42)(H4*+4H*)) 

+ tr((HH* - |42)(h4*-4h*)) +/i4 tr((H4*+4H*)(H4*-4H*)) 
+ /i-(tr((HH-i42)(YY-442))-3L(tr(HH*)-|tr(*'))to^ 

-3 tr(((HH*)'-|*%^ tr(* V5)((tr)'-|*% ^ tr(* Vs))) 

+ ^'^(tr((HH*-i42)(4Y* + y4*+442)) - l§(tr(HH*)-| tr(*')) tr(*V 
-tr(((SH*)'-i*%^tr(*')l5)(Y*4+4*Y+4*'-|tr(*V5))) 
+ tr((HH* - |42)(4y* - y4*))- 

-i tr(((HH*)' - 1*'^ + ^ tr(*V5)(t*4 - 4*Y))) 
+ fiP tr((H4*+4H*)(YY* - 4*2)) 
+ /i^ tr((H4*+4H*)(4Y* + y4* + 4*2)) 

+ fi' i tr((H**+*H*)(4Y* - y4*)) + ft' i tr((H**-*H*)(YY* - 4*2)) 
+ /iMtr((H**-*H*)(4Y*+Y4* +4*2)) 
-/i" tr((H4*-4H*)(4Y*-Y4*))} , 

where the coefficients /x* are given in Appendix |B[ 

The group of local gauge transformations associated to our model is 

Uois) = exp(7r(C~(X)®(su(5)©u(l)))) = C~(X)®(SU(5) x U(l)) . (4.11) 
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The Lagrangian ( [4.10D is invariant under the gauge transformations 



^^{A")=u,dul + A", 
7„(T) =uiUioTul , 

7„($) =MlM5$ , 

7„($) = uIuio^uJq , 



7„(A) = MiodM*o + MioAm* 



10 ' 



mio*mi:o , 

T 



7„(Hj = UlUioiiuio 



(4.12a) 



where 

Ms 

Ml 



exp(t5) 
exp(ti) 



Mio = exp(7rio(t5)) , 



h e C°°(X) ® su(5) 



(4.12b) 



To determine the spontaneous symmetry breaking pattern, we must search for 
a local minimum of the Higgs potential Cq . This problem is easy to solve. We 
know that, applying the transformation ( [4.4b| ) in the other direction, the A^-part 
of the curvature t{d) (and hence the Higgs potential Cq) is zero for 



!Z/ = 0, (P = 
^ = 171 , <P = n 



, r = o 



or 



T 



■ n 



(4.13) 



Since the Higgs potential Cq is not negative as the trace of the square of the 
A°-part of the selfadjoint matrix e(^) , the point ( 4.13|) is a global minimum of 
Co . But ( |4.13| ) is clearly a local minimum as well: In the vicinity of ([4.13|) , the 
A*^-part of t{d) is linear in the components of ip', ^, S and T so that the Higgs 
potential Cq is in lowest order quadratic in these components. 

We underline that, given the fermion masses and the spontaneous symmetry 
breaking pattern as the input, our formalism provides a straightforward algo- 
rithm to determine the occurring Higgs multiplets and their most general gauge 
invariant Higgs potential. 

4.3. The Bosonic Lagrangian in Local Coordinates. In this subsection we 
will write down the Lagrangian (|4.1CI| ) in terms of local coordinates. We must 



restrict ourselves concerning the Higgs potential ( l.lOd ) to the terms quadratic 
in the fields, because the complete expansion of Cq is too voluminous. Let us 
introduce in the same way as in (|4.8| ) the bold matrices 



(4.14) 

OsxA 

03X1 

Oaxi 
-1/ 



m 


:= -i7r5(m) 


= diag 


5' 


2 2 
5' 5 


3 

5' 


^) 
b> ' 






III 


:= — i7rio(m) = dia; 


^/l 1 
=V5' 5' 


1 1 1 

5' 5' 5 


1 

5' 


4 4 4 6\ 
5' 5' 5' 5'' ' 










/ I3 


03X1 


03X1 \ 






( 13 


Osxl 






03X3 


O3XI 


O3XI 






03X3 


O3XI 


n' 


= —in = 


03X3 


O3XI 


O3XI 




n := -i7rio,5(?^) = 


03X3 


O3XI 












\0lx3 


Olxl 


3 ) 






V0lx3 


Olxl 
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n 



/03xl\ 
1 

VOixi/ 



n 



-ITTlClol^j 



/03X3 


03X3 


03X3 


03xl\ 


03X3 


03X3 


-I3 


03X1 


03X3 


-I3 


03X3 


03X1 


^0ix3 


0lx3 


0lx3 


OlxJ 



m 



-im 



/O3 

O3 
O3 

VOi 



n 



-i7rio,io(,?^ 



03x3 


03X3 


03xl\ 




03x3 


03X3 


O3XI 




03x3 


03X3 


03X1 




0lx3 


0lx3 


-1 J 




/03X3 


03X3 


03X3 


03xl\ 


03X3 


03X3 


2I3 


O3XI 


03X3 


-2I3 


03X3 


O3XI 


\0lx3 


0lx3 


0lx3 


Olxl/ 



see ( p.l2 ). We shall write our formulae in terms of the "physical" fields 3, T 
given by 



* = * 



m 



$ + n, H = H + m', T = T + n'. (4.15) 

The subgroup of C°°{X) (g) (SU(5) x U(l)) , which leaves ( [4 .131) invariant, is the 
group C°°{X) ® (SU(3)^ X U(l)^jy-) . The Higgs mechanism consists in reducing 
the symmetry of the whole theory to the symmetry of the vacuum. This means 
that we fix the gauge transformations corresponding to 

C^{X) ® ((SU(5) X U(l)) / (SU(3)^ X U(l)^,,)) 

in such a way that the Higgs multiplets ^ , $ and 3 take the form 



4<^0l3 + *c 



15-0^3 


i!Z>8+!^3 



!^l+i!^2 







1% 



™ 7 




|!^8->^3 



/ <Pi + i^4 \ 
\ ^ 3 + i^6 / 

3_B 
"6 



- lip's \ 



(4.16a) 



5^<^,A^ ^,eC^{X) , (4.16b) 



a=l 



a=l 




=6 



(4.16c) 
(4.16d) 

(4.16e) 



-So / 
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where Hq G C°°(X) is a rea/ function. The exphcit form of H is presented in 
( |CT7| ), where Si e C°^(X) , i = 0, . . . , 98 . Here, A" are the Gell-Mann matri- 
ces and (7° the Pauh matrices. The matrix T is an arbitrary element of itv as 
displayed in (|4l8|) , where Ti e . 
For A and A" we make the ansatz 



A: 



2 



^A'l3 + G 



X 



'^A'l2 + W 



W 



X 



X* 

G^ + iG^ ^G^-G^ G^-iG^ 
+ iG^ G^ + iG^ 



A' eA\ 



j^" — 190 / 2 



G 



(4.19a) 
(4.19b) 



4^8 



8 

E 

a=l 



G^'A'^ , G"^ G A\ (4.19c) 



J2 W^a" , W eA^ 



(4.19d) 



a=l 







-iX2\ 






-ir2\ 


X = 


X'- 


-iX^ 










\x^- 


-iX^j 









^a^ya ^ ^1^ (4.19e) 



In terms of the local basis {7'^}/^=!, 2,3,4 of we put 



X = X^7^ X = X^7^ X'^ = X«7^ 



Moreover, we introduce the abbreviation 

Now we start to write down the explicit form of the Lagrangian £2 , where we 
restrict ourselves to the interesting part and denote the rest by I.T (interaction 
terms). We obtain in terms of the local basis 7^^ A 7'' = k(7'^7'' — 7*^7^) of A^ 



dA + \{AA}='-^ 



where 



V 



{DX) 



\ 



(- 



7'^A7^ 
(4.20a) 



G% = di,Gt^ - go EL=i fabcG'^Gl , W^, = d^^W^^ - go EL=i eabcW'.W,^ , 
= d[^K] , (^X)^, = ( 9[^X,] + I.T , d[^Y,j + I.T) , (4.20b) 



and X^^,X^^ are interaction terms. Moreover, 



dA" 



I 90 



- A 



A 



duA 



(4.21) 



/ r-i=(2,-iS5o)" 

+ -ij(S2-iS5l) 
[+-^(S3-iS52) 

^(24-iS53) 


^(34-i353) 

■^(Si-iSso)" 
-^(Sz-iSsi) 

+ ;^(S3-i352) 
;^(S6-iS55) 


^(25-iS54) 
^(36-iS55) 

r^(s,-i25o)i 

|-;|(S3-i352) 


" ;Jg(3l9-i368) " 

+ |(320-i369) 
+ ;^(32i-iS7o) 

|(322-iS7l) 
+ ^(S49-iS9s) 

■ j(S23-iS72) " 

-;^(S48-i297) 


" i(£22-i27l) " 
_-^(S49-iS98) 

" ^(3l9-i368) " 
-l(S20-i369) 

+ ;^(32i-iS7o) 

i(£24-i273) " 

+ ;;^(S47-i296) 


r 1 (£23-1^72) 1 
[+^(S48-i397)J 

r i(324-iS73) 1 
[-^(S47-iS96)J 

r -ij(3i9-i368) 1 

|-;^(S2.-i370) 


i(327-iS76) ' 
+ ^(S32-i38l) 

" ^(225 +1^26) 1 
-i(S74+iS75)J 

"i(328+i329)l 
-i(S77+iS78)J 


■|(S25-i£26)l 
-i(S74-iS75)J 

r -i(227-i276) ' 
^+^(S32-i38l) 

ri(S30+i33i)" 
[-i(S79+i28o) 


ri(£28-i229)' 
[-i(S77-iS78) 

[i(£30-i23l)" 
[-i(S79-iS8o) 

-^(S32-iS8l) 


\ 

-^(S41+iS9o) 

^(342+iS9i) 
^(343+i392) 


r ^(Sio-iSfis) ■ 

+ i(S20-iS69) 
|_+^(S21-iS70) 

r i(S22-i37i) " 

[-^(349-i398) 
r i(323-i372) " 

|+^(348-ia,7) 


i(S22-iS7l) " 
_+^(-49-iS98) 

" ;^(2l9-i268) " 
-|(S20-i369) 

+ ^(S2i-iS7o) 

■ i(324-iS73) " 
-;^(S47-iS96) 


r i(S23-i372) 1 
[-^(S48-i397)J 

r i(S24-i273) 1 
[+^(S47-iS96)J 

r ;^(Sl9-iS68) 1 

|-i3(S2i-iS70)| 


■ ^(S7-iS56) " 
_+Jg(39-i358) 
;^(Sl0-iS59) 

;^(3n--60) 


^(3io-iS59) 

-^(38-iS57) 
_+-^(S9-iS58) 

;^(£l2-iS6,) 


;J5(Sii-iS60) 

;^5(Si2-iS6i) 

"^^5(37-1356)1 
-^(S9-i258) 


i(S35-iS84) 1 
+ ^(S40-iS89)J 

■|(S33+iS34)' 
-i(S82+iS83) 

■j(S36+i£37)' 
-i(285+iS86) 


[i(333-i334)" 
[-i(382-iS83) 

" -i(S35-i384) " 
_+^(340-i389) 

■i(238+i239)" 
-i(S87+iS88) 


"i(336-i337)" 
-i(S85-i386) 

■i(S38-iS39)" 
-i(S87-iS88). 

-^(S40-i389) 


■^(S44+iS93) 

^(S45+iS94) 
■^(246+1295) 


r ^(S27-iS76) " 
[+^(S32-i38l) 

ri(S25-iS26)l 
[-i(S74-iS75)J 

ri(S28-iS29)l 
|__.(S77-iS78)J 


ri(225+iS26)l r j(S28+i229)l 
[-i(374+iS75)J [-|(377+i378)J 

r -i(327-iS76) 1 [1(230+1231)1 

[+;^(232-i28i)J 4(279+i380)J 


j(S35-iS84) 
+ ^(S40-iS89) 

"i(S33-iS34)l 
-i(£82-i283)J 

"^(S36-iS37)l 
-i(S85-iS86)J 


r|(S33+iS34)l 
[-i(382+i383)J 

" -i(S35-iS84) " 
_+-l5(S40-i289) 

ri(S38-iS39)l 
[-i(S87-iS88)J 


ri(236+iH37)] 
H(385+i386)J 

ri(S38+iS89)l 
[-i(S87+i388)J 

-^(S40-iS89) 


■^(Sl3+iS62)' 
+ ^(S,4+iS63) 
_+J=(Sl5+iS64) 

^(Sl6+iS65) 
;^(Sl7+iS66) 


^(2l5+iS65) 

"^(Sl3+i262)" 
-^(3l4+i363) 
_+^(Si5+iS64) 

;^5(3i8+iS67) 


^(^17+1266) 

^(3l8+iS67) 

"^(Sl3+iS62)" 
-^(Si5+iS64) 


^(247-iS96) 

;^(348-iS97) 
;^(349-iS98) 


V ^(S4l+iS90) ^(S42+iS9l) ^(S43+iS92) 


^(S44+iS93) ^(S45+iS94) ^(S46+iS95) 


^(S47-iS96) ^(S48-iS97) ^(S49-iS98) 


-So ) 
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T 



+T3+iT48 

(Ti+iTa) 

+i(nn+ir^n) 



(Ti-iTa) 

+i(T46-iT47) 

75(^0+1^45)' 

^^(rs+irss) 

(Te+iTr) 

+1(^1+^2) 



(r4-ir5) 

+i(T49-iT5o) 



(Te-iTy) 
+i(T5i-iT52) 

75(^o+ir45) 



+ri2+ir57 



■75(no+ir55) 
+ri3+ir58 



(4.18) 



V2(ri5+iT6o) 



y2(ri6+ir6i) 



^/2(rl7+ir62) 



^5 (^18+1^63) " 
+3^21+13^66 

^(T^e+lTn). 



(ri9+iT2o) 
+i(T64+iT65) 

(r22+lT23) 
+1(3^67+13^68) 



(ri9-iT2o) 
+i(r64-iT65) 

^(Ti8+ir63) ■ 

— 3^21—13^66 

f-ij(r26+irn)_ 

(r24+lT25) 
+l(3^69+13^7o) 



(T22 — IT23) 
+1(3^67-13^68) 



(T24-IT25) 
+1(3^69-13^70) 

--|(r26+lTn) 



V2(r2r+ir72) 



V2(r28+1T73) 



\/2(r29+ir74) 



— T12— 1T57 



■-i5(rio+ir55) 

—3^3 — 13^58 

75(3^11+13^56) 
— 3^4 — 13^59 



|(r3o+ir75) 



+T3i+ir76 

+^(r32+ir77)_ 

3^33+13^78 

T34+iT79 
-^(rio+lT55)_ 



3^33+13^78 

-^(Tn+lTse) 



|(r3o+ir75) 



— T31— iT76 

_+^(r32+ir77)_ 

335+13^80 

_+^(r9+ir54) 



334+13^79 

--i5(rio+lT55) 

3^35+1380 

|(3^30+lT-75) 
■^(3^32+13^77, 



\/2(r37+ir82) 



V2(r38+ir83) 



x/2(r4o+ir85) 



^(r4i+ir88) 



V V2{T42-irs7) V2{r43-irs8) %/2(r44-ir89) -^(ri8+ir63) 

V -tr{rs) tr(T^) / 

(£(A))q/3 = S-y=i £a/37^7 ■ 



^(3^0+ir45) / 
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Then, using 

tr(aV^) = 2 6"'' , tr(A'^A'') = 2 6"'' , (4.22) 
tr,((7" A 7^)(7'^ A 7^^)) = 4{6^''6^'' - 6^^6^'') , tT,{YY) = ^S^"' , tr,(l) = 4 , 

we obtain for (|4.10b|) 

+ ELi 5[«^a] + ELi %^a] ^[.^1) + ^-T ■ (4.23) 

We proceed with the calculation of L\ , where we restrict ourselves again to 
the interesting part. Using ( [4.16a| ) and ( [4.19aD we get 

d*+ [A, * + m] = d* + [A, m] + I.T = (4.24) 



i 2 



(ifX,) 



-f^ + I.T. 



Now, using ( [4.19a| ) and (^4.16d| ) we calculate 

d$ + (A+A"l5)($+n) = d$ + (A+A"l5)n + I.T 



D $ 
D # 



7^^ , (4.25) 



= 9^$, + if + J.T 



if{Wl,+iW'^) + I.T 
Next, using ( [4.19a| ) and ([4.18|) we calculate 

dT + i(T+n') - {r+n)A + A"{r+n) = dT + An'-n'A+A"n + I.T (4.26) 
/ [9;.Ta + if (^/I^m] r d^Ta + if X ^ 1 ^ 

a,T5 + if(- 



a^Y, + if (-4y^ 



V 



(a^T, + if(4y^))* 



■-tr(a^TB)- 

3if(Wl+iW2. 



9^T, + if 
-a^Tfe - if (-2X^) 

tr(5^T^) + 3if(-^A; 



7^^ + /.T. 



Finally, using ( [4.19a|) and ( |4.16e| ) we calculate 



dH + A(H+m') + (H+m')A' - A"(H+m') = dH+Am'+m'A' -A'm!+I.T 



( 



5„3 



'fi='D 



\* 



9, 



H -I- ifioy 

'^/x'— 'a ^ 2 A* 

S^Hfe - if 



\ 



\(d,Sa + ifY,f {d,s,-ifx,f (a^H,)* -(a^Ho-if(^^; + ^|4)^ 

+ J.T. (4.27) 
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The Lagrangian Ci is obtained from formulae ( |4.24] ), ( [4.25| ), ( [4.2(j| ) and ( |4.27D , 
where one has to use ( ^.22 ): 

^1 = "-i^"" ( ELo d,^a d.^a + ELl d,K d.K) + '-^S^-" ELo d.'^a 

(4.28) 
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+w-\/t^;+\/p.)w- 



+ ^'^'^ ELi ((2/io+/xi+12^2+2/i3)X^X," + (2/io+32/X2+2/i3)>;''n1 + ^-^^ • 
We perform the orthogonal transformation by Euler angles 







^ cos (j)E 


— sm(j)E 0^ 


h 


\ 


^COSTpE 


— sin 0^ 




^; 






COSCpE 


COs6'£; 


— sin 6e 


sin TpE 


COS?/'^; 








\ 


l) 


yo sin6'E 


cosOe j 


\ 


i; 





(4.29a) 

The photon is the massless linear combination, which is perpendicular to 
the plane spanned by {Wl- ^JlA^+^JlA^) and {A^JlA^+^JlA^) , see ( |4.28|) . 
Calculating the vector product yields immediately 



which implies 

COs6'£; = — 



3 

5 ' 



P., 



sin6'r 



2 

5 ' 



^4' - 

40 M 



cosV'i 



1 

4 ' 



sin if) I 



(4.29b) 
i • (4.29c) 



The Euler angle 0^; is determined by the diagonalization of the mass matrix. The 
result is 



tan! 



3 I 25 \ 

■4 + T'^^ , 



A4 



25/^3 



(4.29d) 



We choose cos ipE < and sin^^ > 0. Then, the inverse transformation is for 
A4 ^ 1 given by 



+ 



4(1 - 16A4)Z, 



1(1 + ^X4)Zij 



+ '\/i(i + i^4)^^ 

6A4)z: . 



(4.29e) 



1(1 



The Lagrangian ( [4.28[ ) requires to perform the reparametrizations 



cp. - A. 



0,...,8 

6 



0,...,89, 



90 



90 



/87^3 



,3, 



0,...,9^ 



(4.30) 



It remains to compute the quadratic terms of the Higgs potential ( |4.10d| ). Due to 
the extremely rich Higgs structure we need computer algebra for that calculation. 
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It turns out that it is advantageous to perform an orthogonal transformation in 
the 0o~'^o^sector: 





tana=^i^. (4.31) 

The motivation for this transformation is that the hnear combination 0q receives 
a much smaller mass than all other Higgs fields, see below. We present the 
quadratic terms of the Higgs potential in Appendix y. 

We perform a Wick rotation from the Riemannian manifold X to the 
Minkowskian manifold Xm by introduction of a global minus sign in the action 
and by replacing 

^ -g'^-' , g^'' = diag(l, -1, -1, -1) . (4.32) 
We define P^^ := d[^P^] and 

"^^ = (2/ii + 24/i2) , = cornel -e') ^w > 



m|, = 32yU3 cos^(6'vy— 6'^ 



'WJ 5 

= (4 /io + 2/^1 + 24^2 + 4/^3) , mf. = (4 /io + 64 /i2 + 4/i3 
sin 6^14/ = W I , 9\y = |\/3'^4 • 



(4.33) 



(4.34a) 



Now we can write down the final formula for the bosonic Lagrangian: 

+ i-lg'"'g^''d[^Zx] d[,Z,] + Ig'^-'mlZ.Z,) 
+ i-lg^^g'^d^^Z',^ d[,Zl^ + \g>^''ml,Z'^Zl) + £,^(P, W, Z, Z') 

+ T.Lii-b^'a^'di.xi^ d^,x-^ + \g^'^mlx;x:) 

where 

Ce^{P,W,Z,Z') (4.34b) 

= 9o9'''g^''{d^.wl] wlwl+d^^wl^ wlwl+d^^wl^ wlwl) 

-\9l{9''^9'''-9''''9^^){WlWlWlWl^WlWlWl^^^ , 
I^H = \9^''{ E to ^mV^* -9,^^, + Ell d.i^'r dv^'i + 9^4^^ <9,0'o + d^v'^ d,v', (4.34c) 







This is precisely the bosonic Lagrangian of the flipped SU(5) x U(l)-model, where 
the masses of the gauge bosons are given in ( ]4.33| ). The parameters /ii,/i2,/i3 
and the Weinberg angle 9y/ will be determined in Section |4.4] when discussing the 
fermionic action. Within our framework there is no possibility to determine /iq . 
However, we will find in Section [4.4| that the X and Y bosons lead to proton decay. 
In order to suppress the proton decay sufficiently we need /^o 3> max(/ii,/i2) • 
Then, it remains to derive the masses of gauge and Higgs bosons in Section |^. 

^The minus sign in 5^'' ^ — ff'^" is due to (7^)* = —7^ on the Minkowski space. 
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4.4. The Fermionic Action. Now we write down tlie fermionic action Sp de- 
fined in ( p^.lU ). However, we pass immediately to the Minkowski space Xm ■ We 
denote the gamma matrices in Minkowski space by {7^*} and use the convention 



7 



I2 



I2 







, 7" 





a"" 



-0-" 




^5 = i^'^^^^'^^^ 



I2 






-l2> 



(4.35) 



Then, the invariant fermionic action is 



5* E 



dx tl)*f\D + ipM)V' 



(4.36) 



The factor ^ additional to ( p.lOp occurs because we are going to impose con- 
straints on i/j , which require precisely the form ( [4.36| ) for the action, see below. 



More explicitly, inserting (|4.1|) and ( [4.2| ) and using ( 3.17 ) we obtain 







D + ipM = 

f D + m{A+A") ~^^7r{^ + m) -j^fri^+S+r) 
^^n{^)* D + m{A+A") 
75^($+H+t)* D - ^\in{A+A"))^^ 

\ ^^ni^+S+ry D - ^\m{A+A"))^y 

where 



(4.37a) 



-7^7f(*) 



n{A+A") := diag{{mo{A)-lA"l,o)(^l , , f{7r,{A)-l A"l,)^^0l, , -§^"^13), 
:= diag ((^ + III) ® Mio , -(* + m) ® M5 , Osxs) , (4.37b) 



7f($+H+t) := 



v 



($ + n) O Md 
+ (H + m') O 
($ + n)^ ® Mj 
+ (T + n')^®Mj 




($ + n) c 
+ (T + n') 











($ + n) 

Mj 



We have used that within our convention ([4.35|) we have 7^ = —(7^)* and [D, /] 



— 7^[D, /]7^. Recall [|T^] that 7r{A+A") is given by commutators of D I192 
with an arbitrary number of elements of the form / ® 7r(a) , where a G a and 
/ G C°^(X) . This fact and the complex conjugation in ( |3.3| ) are the reasons why 
terms of the form [D, /] occur in 7[{A+A") . 

Minkowskian fermions ip live in the space Hm = L^{Xm, S) ® C^^^ and have 
in terms of the decomposition ([4.37a|) the form 



i/^,eL\XM,S)®€ 



48 



(4.38) 



However, we shall restrict ourselves to the subspace of Hm invariant under the 
charge conjugation C , the chirality operator F and a symmetry transformation 
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/ 





-7^®l48 


\ 






/o 


l48 





o\ 




c 










-f 


®l48 




S : = 


l48 



















O c.c , 














-7^®l48 
























l48 








V - 




l48 


) 











l48 


^) 




T 


= diag(-7^ 8 


l48 


, -7^ ® l48 , 


f ® l48 , f 


» l48) 








(4.39) 



wliere c.c means complex conjugation. Tlius, we consider elements i/? G Km of 
the form 



= Cip = Tip = S^p 



i(l-7')V'i 



(4.40) 



V-7'i(l-7W 



Observe that the choice ( |4.39| ) for the chirality operator breaks the structure of 
the model, which is precisely our intention. Since F commutes with 7r(a) , the 
gauge invariance is not destroyed. But F no longer anticommutes with the whole 
D . We see that D - applied on chiral fermions ( [4.40| ) - 

|(id,,-f)Di(id/,+f) , 

differs from the matrix ( |4.37a| ) by the absence of 7^7f(^') . In other words, the 
choice (|4.39|) for the chirality condition eliminates the disturbing terms 7^7f(^) 
in the fermionic action. 

Within our conventions one has the block structure 



(4.41) 



where L^(Xm) denotes the space of square integrable functions on the Minkowski 
space. In local bases we have 



D = i^d^ , A = A,Y 



A" 



A''r . 



(4.42) 



We define = = I2 and cr" 



-cr" , a = 1, 2, 3 , or in a symbolic notation 
{l2,cr"}, a^" = {I2, -cr"} , = 0, 1, 2, 3 , a = 1, 2, 3 . (4.43) 
Then, from (j^M ), (Hll), (lOOl ) and (^1351) we get 



Sf 



(4.44) 
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This formula can be further simphfied, because we have 



Xm 

Xm 



(4.45) 



VMV'Si^^(9^ + 7f(A^+<))Vo- 



Xm 



Here, we have partially integrated and made use of n^A^^+A'!^) = — 7f(A^+A")* . 
In the last step we took into account that in quantum mechanics the fields i/'o 
are annihilation operators and the fields "00 creation operators. In normal or- 
dered products, all creation operators must stand on the left of all annihilation 
operators. This means that in ( [4.45| ) we have to exchange i/^q and i/jq . But since 
they represent fermions, which anticommute, this change of order gives a minus 
sign. Now, ([4.44|) takes the form 

Sf= [ VM(V'Si^^(9^ + ^(^/.+^M))V'o-i(V'S^(^+S+t)a2?;; + h.c)) , 

Jxm (4.46) 

where h.c denotes the Hermitian conjugate of the preceding term, without change 
of signs when exchanging fermion fields. For -j/jq G L^(Xm) (S> C*^^ we choose 
the following parametrization: 

V'o = {K , u'l, ul, dl, dl, dl, a^d''^ , , a^d% , a'^UR , 



-a U 



2;r.b 



R ■> 



-a U 



R ■> 



R ' 



a^t/^o = {<y'^ul , a'^u\ , a'^ul , a'^d^ , , , -rf^ , -d\ , -d% , -vr . 



R , Ur , Uj^ , 



- -Gr) , 



(4.47) 



where u^j^, . . . ,eR G L^(Xm) ® and * means transposition only of the 
row, without transposing the matrix elements. 

Inserting the matrix structures of ( |4.16d| ), ( |4.16e[ ), ( ^.18| ) and ( [4.19| ) into for- 
mulae ( [4.37b ), it is straightforward to write down the explicit formula for the 
fermionic action ( [4.46| ). Here, one must insert the explicit form of the em- 
beddings TTio, TTio^io, 7rio,5 and tts i . The transformation ( [4.29e|) requires some care. 
Let us derive the coefficients of P, Z, Z' corresponding to the left electron. From 
(|4.37b|) , ( [4.19a]) and ([4.33[) we find for A4 <^ 1 in good approximation 



EL 



{A^ + A^'Z 



P„ 



I 90 



4) 



2cos(ew-2e'^) 



3 /I/ _ 3 2 

5^ 2\l ^/^t^' 

igoZ^ - ieZ' + iePf, 



where 



P„ 



tan( 



-26[ 



w 



Z,- m + 2^156' )Z' 



(4.48) 



Z:, + 46'^^ tan OwZ^ , 

e := cosily 5^0 • 



sin 9wgo 
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Moreover, we express <Po, <Pg, Sa, • • • , ^c, '^a, • • • , in terms of the physical Higgs 
bosons 00; ^A, ■ ■ ■ ,^c, Va, ■ ■ ■ ,Vg , see ( [4.16d| ), ( [4. 181 ) and ( |4.3U| ). Then we arrive 
at the following formula for the fermionic Lagrangian: 



Sf — Va/ {Cq + Ce + Cm + Cx + Ch + C!h + 

J Xjyl 



u 



L ' 



id, 



A* 2 '^M 

90. 



2cos{evK-26»^) 

'e^;)l3. 



A--eP -- 



where 
\ 



(4.49a) 



.90 



\ 



19, 



30 7 
2cos(6»i4/-2e' j-^M 




+ nJ,(cr^(i9,-fG,-(|eP, 



1;;' 



3 — M/--/ - l3)Hij 
ieP^-ieZ;)l3)® l3)dK 



90 



V 



2cos(ew-~2e^ 



3 — 



90 



2cos(cw-^>'iy; 




+ vl{a^{id^-eZl)®l^)vR 

+ e:^(a'^(i6'^ - (-eP^ + ~eZ'^)) l3)e^ 



(4.49c) 



90 



(-dl(l3®(M,+ ^. 
el(Me + ^0oMe)e^ 



90 



-<(l3® (M,+ 

- vl{Ml + 



90 



.,Ml-^(vo + w,,)Ml)vR 



+ ^H^eT ® M^)dR - \i^la2{MM + ^eoM^)z/«) + h.c . 
= f ( - til(a^a2e(X^) ® Ig)^^ - dl{d^a^t{Y,) ® 13)^^ 
+ tx2(a^a2i; ® l3)z7^ - d* (a^a^X^ ® 13)/?^ 
- z/2(aWJ ® 13)1^,? + eUa^^a'^Xl ® 1^)ur) + h.c , 
= ^( - <{^'e(03) ® Md}dL + z/r{^'0; ® M,}d^^ 



(4.49d) 



(4.49e) 



+ d^{a2e(03) ® MiijwR - n^{a^0<, Mje/j) + h.c , 



(4.49f) 



C" 



T I 2 * 



Mn)un) + h.c , (4.49g) 



90 
/8a^ 



+ ldl{a2^c ® MN)dR + 4(^2^ ® M7v)z/i?) + h.c . (4.49h) 

The Lagrangian Cq contains the kinetic terms and the strong and electroweak 
interactions of quarks. The Lagrangian Ci contains the kinetic terms and 
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electroweak interactions of leptons. The Lagrangian Cm contains the mass 
terms of the fundamental fermions and their interactions with the Higgs fields 
00, ^0, and vb ■ The masses of the u, c, t-quarks, the rf, s, 6-quarks and 

the e, /i, r-leptons are the eigenvalues of M^, and Mg . The mass Lagrangian 
of the neutrino sector is given by 



N 



The diagonalization of the mass matrix occurring in ( 4.5CI| ) yields the masses of 



the neutrinos. The mixing angles are small for ||MAr|| ^ . In this case, the 

left-handed neutrinos receive a mass of the order lij'^llii and the right-handed 
neutrinos a mass of the order |||M^|| . Thus, for ||M„|| being of the order of the 
mass of the top quark and ||MAr|| being of the order of the unification scale, we 
obtain very low masses for the left-handed neutrinos, which is compatible with 
experiments (seesaw mechanisms). Moreover, the matrices Mu-, Md-, M^., Mn and 
M^r contain mixing angles between the fermions, which constitute generalized 
Kobayashi-Maskawa matrices. Finally, the Lagrangians C^, C-h, C'y^ and C'l^ de- 
scribe the coupling of the fundamental fermions to the X and Y leptoquarks, 
the Higgs bosons 0g and the remaining Higgs bosons vi and , respectively. All 
terms of these Lagrangians contribute to the proton decay. 

Observe that the Lagrangians Cq and Ci differ from the corresponding La- 
grangians of the standard model in two aspects: First, there occurs the massive 
gauge field Z' , which of course is not a terrible problem if its mass is sufficiently 
large. Second, the universal Weinberg angle 6y^ of the standard model is modi- 
fied by angles of the order 9'-^ . However, this angle is extremely small if m^/ 
is very large against niz ■ This means that experiments will certainly not detect 
O'w ■ 

5. The Masses of Yang-Mills and Higgs Fields 

The final step is to compute the boson masses. For that purpose we must 
compute the parameters ^\ fl\ fl\ fi'' of the Higgs potential (|C.1|) , which depend 



according to Appendix |B| on the mass matrices occurring in the generalized Dirac 



operator . We have found in Section that the eigenvalues 

(5.i: 



of MuM* are ml,ml,mf , of MdM^ are m^,m^,m^ , 



of M^M* are ml,mf^,ml , 

referring to the usual names of the fermions. By unitary transformations we can 
achieve that is diagonal, 

Mu = diag(m„, mc, mi) . (5.2a) 

It is necessary to make several assumptions to simplify the calculation: Since the 
Kobayashi-Maskawa matrix between and is approximately the identity 
matrix, let us assume 



Md = dieig{md,ms,mh) . (5.2b) 
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The experimental data show that rrit is much bigger than all other eigenvalues. 
Among the remaining eigenvalues we neglect all but ml and . For simplicity 
we also neglect against ml , although this is not completely justified. Unfor- 
tunately, there are no experimental values for the matrix M„ . Therefore, we can 
only estimate its contribution: We assume that in the case ( ^.2aD we have 



M„ = diag(0, 0, e'^m^) . (5.2c) 

Quantum corrections suggest that m„ is of the order mt . Using ( |3.27| ) we find 
for ( [B.l| ) approximately 



/ii = |mg + ^ {9ml + 6mtm„ cos X + ml) + j^m^ , 
^2 = ^(1^1 -2mtmn cos x + ml'' 



which yields according to ( |4.33| ) for the mass m^ of the W boson 



m 



2 _ 1 (^2 ^ ^2 ^ 12 ^ 12) _ ^5_4) 



W — JV'H "T '"'b "T 3"^„ -r 3 



The comparison with the experimental values for mt and mw requires that m„ is 
small against mt . Thus, we shall neglect m„ against mt whenever this is possible. 

Since (at energies accessible at present) the standard model is in excellent 
agreement with experiments, the parameter fi^ ~ tr(M7vM]l^) must be very large. 



see Sections [4.3| and |4.4 We choose the parametrization 

Mn = mjq U diag(sin 6'iv cos0Af , sin 0^ sin 0Ar , cos 9n)U'^ , (5.5) 

for U G U(3) , where the parameter m^ ^ mt determines the mass scale. 

The mass of the X and Y bosons must be very large in order to suppress the 
proton decay. This could be achieved by a sufficiently large /ia , however, there 
are also Higgs bosons which induce an insufficient lifetime for the proton if /xq is 
too small. Therefore, we must demand 

max(tr(MioM*o) , tr(M5M*)) > tr(M„M*) . (5.6) 

We putg 

Mio = MI3 + mio , M5 = MI3 + ms , M G R , (5.7) 

where miQ,m^ G M3C are perturbations, which we consider for the time being 
as small against MI3 . Thus, we obtain for ( |B.1| ) approximately 

fio = , f^i = ^ml , /i2 = ^ml , /i3 = j^m% . (5.8) 



Inserting the leading approximation (|5.71 ) into the quadratic terms (|C.1|) of the 



Higgs potential, we can distinguish linear combinations of fi^ to /i* that do not 
depend on M . It turns out that the following combinations are essential: 

+ = ltr(M„M:+M„M:) =: A?m^ , 

= itr(M„M:+M„M:) =: A^m?m^ ^ 



^The choice Mio = {MI3 + mio) , = e'xo(Af I3 + m^) yields the same resuhs. 
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(5.9a) 

= itr(M„M:+M„M:+M„M:+M„M:) =: 2\lmlmnCosx , 

where 

Mu = mioMu - MuTU^ , 
Mn = mioMn - M„m5 , 
see (|3.27| ) and ( p.2| ). Within our assumptions ( |5.2|) we have 



(5.9b) 



Ai — A2 — A3 — A4 = A < 



M_ 

mt 



(5.9c) 



The matrices M[q and M5 enter the matrices ( [A.l| ) only quadratically. Ne- 
glecting quadratic terms in rriiQ and we have 

Mf = diag(M2l3 + M{mi + m*) , M^lg + M{mi + m*)) , i = 10, 5 . 



Thus, we may assume mio 



10 



and ms 



Moreover, we may assume 



tr(mio) = , because the transformation 7/15 t— > ms + ul^ and mio 1— >■ mio + i^ls , 
for 1/ e R, leaves the matrices M*^ and M*^ invariant. Therefore, we make the 
ansatz {uj eR, j e {10,5}) 



/. fl,A 



l^'n + K + 



3^0 



-Wo 



3^8 



V 



1 ■ 1 
j ■ i 



3*^0 



4 3 
3^1 



We introduce the abbreviations 



cos^ On + sin^ 6'Ar(cos^ (pN + sin'^ </)Ar) = ^(1 + 2 cos^ xn) 



10 



10\2 



10N2 



+ 0^. 



= :^'^io sin x sin x' cos x" 



. 

(5.10) 

(5.11) 
(5.12) 

where \^m\ := Ul^w + ^(^1^ + ■ Inserting (U), (|5lOD , ([OcD and (|3D into 
(|R2D, (pip, (|RiD and (g3|) and this result into the Higgs potential (|C1|), we 
find that - apart from the combinations ( ^.9a|) - only the following parameters 
are relevant in leading approximation: 



For physical reasons we assume 



M, rriN ^ Amt, Xrrit ^ rrit^ mi,, rrin, rrij 





351 4 

leo'"* ' 




7680 t ' 






320 '""t ' 


/.^ 


= 12M2m^ , 






1 2 2 • 2 ~ • 2 -/ • 2 -// 

^mfeZ/^oSm xsm x sm x 








/ = 


= i^i* = iM^m? , 


/i" 








YlQm^(l + 16cos^Xiv) , 




= ^^N^t ( 1 1 + 2 cos Xiv cos X 


a) ' 


f^' = 


-^m\ml ( 1 1 + 2 cos Xtv cos X 1 - 1 ) 




= 2M^m% , 




~^' = 


17q"H 5 




9 4 
— jTe'i^t 5 


(5.13) 


~^- = 






1 4 • 2 - 
= T92^t sm X , 




/i^ = 


sin^ X , 




1 4 • 2 " 

= 32"^* X , 
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/i^ = 2m^((l + 2cos^Xiv) - i)cos^Xa , /i'' = ^m^m^^dl + 2cosxivcosx|-l) , 

The parameters x ^^id Xa are complicated functions of the mass matrices. Now 
we find for ( [4.34c|) in tree-level approximation 

= ^""{0^(1)0 ^1.00 + O^Vq d^v'o + df,V45 d^V45 (5.14) 
+5m^o d^ipo + d^ijj'^ drip's + df,^o d„^o) 

1 / \ 2 2 2i3\2 2 2 , rni, / i 2-il 2 2-\;/2 

-2(A m^VQ + lX ^^^^45 + ^(^COS Xa+54COS COS Xa)^3 

-lij^im cos^ + ^ cos^ Xn cos^ Xa)(^'i^ + V^2^) + z^^m^tivl^ + I'es)) 

-i( M5-(Ti4 COS^ Xa + ^ COS^ XiV COS^ Xa) ELi V'f 



+ (A^m^ + ^ sin^ X sin^ x' sin^ x") (Eli + E -=46 
+9M^(E^°33l^ + Els2f) 

+ E£25 ^M^i ^^^^i + E?=74 ^t^^i 9u^i) 

+ ^sin^Xsin^x'sin^x")(E?i9^.^ + Y.t,.v^) 
+9M2(E-=25eKElr4ef)) 

+ E?=30 ^M^i ^i^^i + YT=75 ^l^^i ^'^^i + EI39 ^M^i ^i^^i + E284 ^M^i "^^^^i 
+ E?=19 ^M^i ^'^^i + El=68 ^M^i ^'^^i + E£44 "^m^ "^^^ + E293 ^M^i "^^^i 
+ E?=47 ^M^i ^^^^i + EE96 ^/'^i ^^^i) 

-K^'(Ell 0f + EI9 + E254 ^^i^ + E£30 + ES75 

+4M^(T^^ v^ + T^^ v^ + T^^ f2 , y-73 , y-49 , y-98 .2- 

-r-tivj V^j=39 t^j -r Z^j=84 ^ Z^i=19 '^t ^ Z^i=68 '^i ^ Z^j=47 '^t ^ Z^i=96 '^i ■ 
+ {M' + m^(^ COS^ Xa + 1 COS^ XTV COS^ Xa)KE -=44 & + E -=93 C')) 
+ h^'^iUllY du^i + Else ^M^i "9,^^ + E£41 ^/'^i ^i^^i + ESqo ^/^^^ ^^^^ 

+ Ell5 dyVi + EleO ^l^^i ^^^i + EJ=42 ^M^i ^I'^i + ESs? ^M^i ^^'^i 

+ E236 ^i^^i + Elsi ^l^^i ^y^i) 

17 „,2 I Y^62 ^9 I Y^44 ^^89 _ ,2\ 



-i (M^(Eli5 + Eleo + EI42 + E: 



=87 



1^: 



+4M^(El36 El8i ^^^+ EI7 a+ EI56 e?) 

+ 16M^(Ell3ef+El62ef) 

+ (M2 + m^(^ cos^ Xa + i^cos^ X^V COS^ Xa))(E-=41 + EE90 ^f)) 

+ |^^''(Ei=27 ^M^i d-^^i + El=72 ^M^i "^^^i + YlLl ^f^^i + Ei=50 ^M^^ "^^^i) 

-K4M^(EllC^ + E-ioef) + M2(El27^.^ + El=72^.^)) • 
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It remains to find the eigenvalues of tlie quadratic formQ determined by tlie 
4>'o~4'o~^o sector in ( p.l4| ). We use tlie general result that the smallest (largest) 
eigenvalue is smaller (larger) than the smallest (largest) diagonal matrix ele- 
ment. This means that the mass of the 0o Higgs field is smaller than ■\J mt ~ 

1.45 . We assume y/i'^ 3> , or ^ ^"^Af • Then, the large parameter 
jl'^ occurring in the coefficient of ipQ stabilizes the other two eigenvalues near the 
diagonal matrix elements -^^f^'^ and ^(2/i'^ + ^/t^) , respectively. 

For convenience we list in Table || our tree-level predictions for the masses of 



the Higgs fields and the masses of the gauge fields derived in Section ^73| . We recall 
that mt is the mass of the top quark, the mass scale of the right neutrinos and 
M the grand unification scale, where we have assumed mf^,M ^ . Moreover, 
we have introduced the abbreviation 



A = WA2 + ^-A>0. 



It is interesting to perform the transformation ( 4.31 ) in the Yukawa Larangian 



Cm of the fermionic action ( [4.49| ). The contribution of the coupling of the (/)q 



Higgs field to the fermions takes the form 

+ h.c (5.15) 

= ( - dl(l3 ® (1 + |^0[,)M,)d« - el((l + f^0'o)M,)e« 

- <(l3 ® (1 + ^0'o)M„))ix^ - uliil + M.^>^)M^)un) + h.c . 

Thus, the Higgs field (p^ has the same properties as the standard model Higgs 
field. 

All other Higgs fields are too massive to observe. All Higgs and gauge fields 
with fractional-valued charge lead to proton decay. Without exception they re- 
ceive a mass of the order of the grand unification scale M , which must be chosen 
sufficiently large to ensure the observed stability of matter. The mass of the re- 
maining Higgs fields with integer- valued charge is of the order M, Am^, Am„, mjv 

2 

or -j^ . These mass scales are situated somewhere between and M . By as- 
sumption, rriN and are very close to M . Moreover, for generic choices of the 
mass matrices Mio and M5 , also Xnit and Am„ are close to M . 



6. The SU(5)-Model 

Formally, we can derive the SU(5)-model from our flipped SU(5) x U(l)-model 
discussed so far by the following restrictions and replacements: We put ^1^ = 
ad hoc. Strictly speaking, this step is not allowed within our theory. However, 
one could imagine a formalism where the connection forms are not (A^ ® r°a) © 



^The corresponding matrix is positive definite by construction. This is not apparent when 
inserting ( 5.13 ), because there are comphcated relations between XN,Xa,X ■ 
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Particle 



Mass 



Particle 



Mass 



1. The completely neutral Higgs fields: 



01) 


(0...1.45)mt 




Xnit 







Co 


/A 1 m'if 
■ ■ ■ 12 Y 3 ^ M 


ggs fields of charge =f1 : 







3. The neutral Higgs fields, for i — 0, ... ,7 : 





(0.. 


1 /ir\"^ir 

■ 12 Y 3 / M 




(A. 


. . A+A)m„ 


Ci+32 




3M 





(A . . . A+A)m„ 


1^1+45 


6+81 


3M 



4. The Higgs fields of charge =f1 , for i = . . . 7 



-;y^{vi9+i ± iV64+i) I (A ■ ■ ■ A+A) 



rrir. 



3M 



5. The Higgs fields of charge ^\ , ior i — 0, 1, 2 and j = 0, . . . , 5 : 



±i03+i) 


M 


^(Vl2+i ±iV57+i) 


M 


;^(C44+j ± il^93+i) 


M 


75(69+^ ± i^^68+j) 


2M 





M 




2M 


■^{Ur+i ± ii^96+j) 


2M 


^(i;3o+j- ± it;75+j) 


M 



6. The Higgs fields of charge ±| , for i = 0, 1, 2 and j — 0, ... ,5 : 



-j^{Vi5+i±iVGo+i) 


M 




M 


75(^7+^ ±iC56+j) 


2M 



75(t^36+j±il^81+i) 


2M 


75(^41+1 ± i'L'go+i) 


M 


75(Cl3+j ± 1^62+^) 


4M 



7. The Higgs fields of charge =F 


i 


for i — 0, 1, 2 and ^ 


/ = 0,...,5: 




M 




7f(6+i ±i^^5o+i) 


2M 



8. The neutral massive gauge fields: 



Z' 



|mjv 



9. The massive gauge fields of charge ±1 : 



Weinberg angle: sin Q-w — 



10. The leptoquarks leading to proton decay, for i = 0, 1, 2 



75(^1+1 T i^3+i) 


M 


75(^1+1 T i^3+i) 


M 



charge: 




charge: 


±1 



Table 1. The particle masses for the SU(5) x U(l)-model 
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(A°7^ (g) r^a)-valued but (A^ 7r(a)) © (A°7^ (g) 7r(fi^a))-valued. Now, taking the 
same L-cycle as before, however with = , we obtain indeed a SU(5)-GUT. 
The calculation is the same as before. However, since the graded centre c^a is not 
relevant in such a model, we must put J3 = and Ca,b,u,v = in the factorization 
procedure of Section |3^ . Moreover, instead of (|4.29a|) we perform the orthogonal 



transformation 

cos 9w — sin 9]y 
sin 9w cos 9w 





sm9w = \/i • (6.1) 



If we compute the electric charges we find that the labels are unconvenient now, 
because u describes the d quarks (and vice versa) and u the electrons (and vice 
versa). Thus, we must permute the labels u ^ d and v ^ e. Then we obtain 



almost the same form ( [4.49| ) for the fermionic action, with the following modifi- 
cations: 

1) We have Mn = , in particular, the Lagrangian and the Higgs fields 

and ^0 are absent. 

2) In the Lagrangians Cq and Ci we have = , = and 9'yy = Q . 

3) In the Lagrangians , Ch and , the fermion labels u and d are exchanged 
and e and v are exchanged. 

4) The same exchanges occurs for the mass matrices: M„ ^ Md , ^ , 



Compared with the SU(5) x U(l)-model one finds [12| identical tree-level pre- 
dictions for the Weinberg angle, the masses of the W and Z boson and for the 
Higgs and gauge fields with fractional-valued charge. Again, there is precisely 
one standard model Higgs field 0q whose upper bound for the mass turns out 
to be m^'^ = 1.32mt. Moreover, the masses of the remaining Higgs fields with 
integer-valued charge lie between rrit and M , generically close to M . 



7. Conclusion 

1) We have succeeded in formulating the flipped SU(5) x U(1)-GUT within the 
framework of non-associative geometry. We have found interesting tree-level 
relations between fermionic and bosonic parameters: Given the fermionic pa- 
rameters (fermion masses and Kobayashi-Maskawa mixing angles) and two 
3 X 3-matrices determining the unification scale as input, we were able to 
compute all bosonic quantities: 

• the occurring multiplets of Higgs fields, 

• the spontaneous symmetry breaking pattern, 

• the masses of all Higgs fields, 

• the masses of all Yang-Mills fields, 

• the Weinberg angle. 

However, since not all input parameters are known, we were forced to be 
satisfied with estimations for some of the masses. 

2) The representation of the U(l)-part of the SU(5) x U(l)-model is not an input 
but an algebraic consequence of the theory. This U(l)-representation is unique 
and realized in nature. 
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3) In the SU(5) x U(l)-model there occur Higgs fields in complex 5~, complex 
50-, complex 45- and real 24-plets. After the spontaneous symmetry breaking, 
there survive 12 Higgs fields of the 24-representation, 7 Higgs fields of the 5- 
representation, 99 Higgs fields of the 5 0-represent at ion and 90 Higgs fields of 
the 45-representation, and 16 gauge fields become massive. 

4) There occur three mass scales in the model under consideration: 

• The lowest mass scale is the scale of the fermion masses reaching from the 
neutrino masses to the mass of the top quark. Moreover, also the elec- 
troweak gauge fields Z, W~^, W~ belong to this scale, and - remarkably - 
one Higgs field as well. 

• The mass of all fields leading to proton decay is of the order of the grand 
unification scale M . 

• The masses of Higgs fields which do not lead to proton decay lie between 
the fermions scale and the grand unification scale, generically close to M . 

5) There exists precisely one light Higgs field 0q , which has exactly the same 
properties as the standard model Higgs field. It couples to a fermion of the 
mass ruf with the coupling constant gQUif/rrit. Moreover, it has the same 
couplings with the intermediate vector bosons Z, ^ W~ as the standard 
model Higgs field. The Higgs field 0o ^ certain linear combination of the 
5-representation and the 45-representation. This linear combination is the 
only one which corresponds to a zero mode of the grand unification sector. 
That the mass of is generically different from zero is due to the fermion 
masses. Therefore, the Higgs field 0q receives a mass of the order of the mass 
rrit of the top quark: For = 176 GeV we have m^^ < 255 GeV . The reason 
that only an upper bound can be given is the incomplete knowledge of the 
input parameters. The upper bound is independent of all parameters related 
to grand unification. 

6) The standard model is in perfect agreement with experiment. However, we 
have shown that the low energy sector of the SU(5) x U(1)-GUT is identical 
with the standard model. Thus, one must be careful with the extrapolation of 
the standard model to higher energies. 



Appendix A. The Generation Space Matrices 




lM'^M'^*+lM',M': + {laB+CB)l, , 
M[,^+(5aW5aMI, , Mil ■■ = 

M'^M'^*+\(3ul,+6uMl, , MZ ■■= 
\{MiMi*+MiM'^)+(3wl,+^6wMl, , 



MiMi*+\(3vl,+6vMl 



10 



M;,MV+(|Qi[/+Cc/)l6 , 
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aa 

aa 
r5 

nn 



ML 
Ml 



UM'nM, 



/* 



^^{M'^Mi*-MiM'^) +7(^ l6+e 

|Mf +(|a^+a)l6 , 
iM4*M^+(|av+Cy)l6 , 



V 5 



cc 



(A.l) 



ac/+Cc7)le 



en ' 



nn 
r5 



2 

en ' 



f2 

en ' 



\{Mi*Mi+Mi*Mi)+l3wl,+5wMl , 

The real constants a a, ■ ■ - Cv are determined by equation ( |3.37|) . The solution is 

-ltr(M^M-) + ltr(MX*), 



a A 

Ca 
Cb 
Cu 

(3a 

Pv 
Sv 
Pw 
Sw 



-|tr(M(o2)+^tr(M^ 

-^tr(M;,M^*), 
itr(M(o2)-itr(Mf), 
-3^tr(M^M-) + ^tr(M^M- 
^tr(M^M^*), 

-|tr(Mf)-^tr(M{o^), 

-|tr(M;M;*), 

-|tr(M;M-), 

tT{3MLML*M^,,) 
tr(3(M2J2 + ' 

-^,tT{M'^M'^* + MX), 



OlB = 

ay = , 

Cy = -^tr(M;M;* 
) - ^ tr(M^M^ 



5^ 

Sv 



triM'jM^ + M^^M^ 



^ ) 

en) 



, tr(M^M^*Ml 



en/ 
2 N 



ud 

-\ti{M'^M'^* 
tr{ML*MLM^ 



(A.2) 



^ ) 

en/ 



P'^ = -^AT{M'^Mt*-MtM^* 



tr((M^M- + M;M-)M2, + (M-M^ + M-M;)M, 



en/ 



5; 



2 tr(3(M2,)2 + (Mi)2) 
tr((M^M- - M^M4*)Mi + (M^M^ - M'^ML)M^^ 



en/ 



ty 



7y 



7vF 



lu 



2i tr(3(M2,)2 + (M2J^ 



-|tr(M^Mr), 
-^tr(M4M- + M4M-: 
-^tr(M^M--M^Mr 
-|tr(M;M;*), 



ey 



ew 



iT{MLMi*M^) 
tr((M2)2) ' 

tr((M4M4* + M4M-)M2) 



2 tr((M2)2^ 



tr((MiM--M;Mi*)M, 



y; 



2i tr((M2)2) 
tr(M^M;y*M2^ 



tr((M2)2) 
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tr((M^M- + M',M'^*)M^) 



,,,tr[M^M, M,M^), e^- 2i tr((M^)2) 

Appendix B. The Coefficients Occurring in the Higgs Potential 



/xo = ^tr(3M(o^ + Mf) , f,2 = lMMkMkl , (B.l) 

/.^ = tr(10(Mi°)2 + 5(Mi)^ + (Mir) , (B.2) 

/ = tr(10(M,\°)2 + 5(M,1)2 + (M,\)2) , 

/.^ = tr(10(M,l°)2 + 5(Mi)2 + (Mi)2) , 

/ = tr(20Mi°M,\° + lOM^M^, + 2MiM,\) , 

/.^ = tr(20MiM^° + 10MiM^„ + 2MiMi) 

=tr(20iV4°M^° + 10M,\Ml + 2M,\Mi) , 
//s =tr(|(M(oM^ + M',MJ){M[,M', + M^M^o^)* + 2{M',^fM'^M':) , 
/ = i tr((M(oM^ - M',M'J)iM[,M', - M'.M'J)*) , 
/.^ = tr(2M^Mr M^o') , /.^ = tr(2Mr M^Mf ) , 

/ = tr{2MLML*M[,') , ^j} = tr(2M^*M^Mf ) , 

= tr(4MiM^Mr M(o) , /.^ = Re(tr(4M^M4*M(o')) , 

= Im(tr(4M^A4*M(o')) , = Re(tr(4M^M^M^*M(o)) , 

= Im(tr(4M^M^Mp;M{o)) , /x^ = Re(tr(4Mr Af^Mf )) , 

/x^ = Im(tr(4M-Af^Aff )) , // = iv{AM'^M',Mi* 



/x" = tr(2A£r A£^A^:aO , A^^ = tr(2Af4Af4*A^^Af^*) , 

/i" = tr(2Af;;^Afl*) , 

/i^ = tr(10(A^,i°)2 + mlcf + (McJ') , (B.3) 
fi"^ = iv{2ml^M2 + lOA^iMi + 2A^ccMaa) , 

fi" = ti{2ml!MZ + imlMn + 2A^ccMl) , 
/i'^ = \ ii{{M[,M'^ + A^^A^(o^)(A^(oA^; + M'^M[ 
fi' = \ iT{{M[,M'^ - A^;A^(o^)(A^{oAr; - A^;Af{ 
jl^ = iRc(tr((Af(oAf^ - M'j,M'J)iM[,M', - M'.M'Jy)) , 
/i*^ = llm{tT{{M[,M'^ - M'^M'J){M[,M', - M'.M'Jy)) , 
fi^ = tr{2MiMi*M'^M'^*) , = Re(tr(4M4A^^*A^;,A^-)) , 

/i^ = Im(tr(4M4Mi *M;M^*)) , /i^ = tr(2M;„M;/) , 

/i"' = Re(tr(4M^^M;/)) , = Im(tr(4M^^M;/)) , 

i^^-^^milf + i^laf) , -^""-^AmZf + iMLf) , (B.4) 

/i^ =tr(3(M^°)^ + (Ml)^) , /i' =tr(|(A^;ij)2 + {M^^^r) , 



'10 y 
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tr(|(M[i°„])2 + (M[L])2), 
:tr(2MiOM^° + 2MiM: 
:tr(|MfMil]+2MiMf 



:tr(2M^°M|ij 
:tr(2M^0M|l} 

^tr((M^°r), 
^tr((Mf:„])^) , 
:tr(2M^°M[^l]) 



5 

nn J 5 
5 /\/r5 \ 



10^10 

aa nn 



tr(2M, 

:tr(|M,iOM,i° 
tr(6M, 
tr(2M, 
tr(2M, 



2M'' ) 

aa nn/ 



nn nn ' nn nn) 



10 »^10 
nn [iinl 



+ 2M^ M? 1 

' nn ?tn 



lo^^^io _^ Mr 

nn \un\ ' nn un 



tr((M;i|)^) 
tr(2M„i°Mi" 



nn"" {un} J 

Mil- 



fx- 
if 



cc> ) 1 



:tr(3(M<!0)2 + (M< 
tr(6M,i°Mi° 

rlO /i^lO I r)/\#5 



/i^ = tr(2Mi,"Mi" + 2M,^,Mi) 



rlO »^10 



^^"cc nny 



.]) 



/i^=tr((Mi°f), 



tr((Man, 
:tr(2M,iOMi°]; 
:tr(2M]°M,l°) 

rIO r#10 



/i° = tr(2Mi,^M[t"„]) , 
/i^ = tr(2M;,%M;„%) 
/i« = tr(2MjO]M^O) , 
/i" = tr(2Mj°jMfl]) . 



/ij=tr(2M4°Mi° 



'cc " {cd} 

tr(2M;°,} 



:tr(2Mi°M|l}) 



/iP = tT{2Ml 



10 /l^lON 



10 



:tr(2M;,%M[„„ 



A* = tr(2Mf^jM{il}) 



(B.5) 
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Co-^{ (C.l) 

1 2/c.,,b I 1 1 r:o,,c I nc,,f i 3072 -b , 1024 -c , 3072 -d , 1024 -j 3072 -k 1024 -m 

+256/iP+256/i^-256/i'^) 

I /6 1 „i, ±> (Q.A I nfti.e 32 32 i 32 '-c 80 ,-\m i 80 

+ V Vmo(12..+mO ^°^°^^^ k^T2~^ 3l^f"3l^ sl';^ 512 ■ 

_512/lb_5i2~c_5i2^d+f /if+§/7g-f/i'^-^/iJ+512A'^ 

512 r.m 1280 -p 1280 -q i 1280 ~s\ 
+ 3^ sA^ 3^'"''3^''' 

I . /q 1 Al .,1 I [Tnio<SA,.c I ifi,.f I 448 -b I 1216 ~c i RAr.A i 832 -j 384 ~k 256 ~m 
+V -^12^2+^1 ^ — (Ci84/i +ifa/i +— /X +b4// ^11 

+ 256 ~p^l28~q_g4~s) 

+ yil(_32/,b_i92^f_«p^b^256 ~c_8^~d_768 ~j^l53g~^ 

+if^/i°'-512/li+256/i")) 
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-192/i'i-192/ij+^/i'^+^/i™-128/i'?+128/i^) 

+i|^M^+^/i^+8/i'^+f| /ij-16/ii^-f /i°^+f /iP+f A'l-f A') 
+^(96/x''+f /ii+144/xi^+18/ii+18/xj+54/x'^+5V-18/x"^-5V 

I 31104 ~b I 384 r.c i 19584 -d 3456 ~i MM r,k i 2304 -m , 7f;o,--,q\\ 

+yf(-8A^-fA^+iA''+f/i^+16/x'^)) 

+,y/|i(-48/i'^-120/x*'-15/x'-15/xj+45/i^+45/x'+15/x"^+15/x" 
-30/xP+15/x''-45/x*+1728/i^-64/x^+2112/x'i-i28/if+^/ig 
+i32~h_^;L92^j_1920/ik_256/i™+1280/i'i-640/i^ 
+36/i^ -4//^^ - 44/i^ - 80/i'O) 
+i^l5(iA'+/+|^'+|/i^+i/+i^-lA^^"-iMV8/i^+f/i'-) 

+7^7i^o^45(-|/i°+4/i^-^M^-A'+40A'+fA"-40/i°+if^^-i|OA"+i 

+^7fe^3^45(-i^°+i^^+A^-8A^-|A"+8A°-|A') 

+i28A^+^A^+i28A'^-f A^-TfA*^+f A^+^Aj-i28A''-^A"'+^AP 

I 640 r,q_ 640 T/S^ 48 r,c I 2 - a_ _2_ .-.b 1 16 r,c 1 16 ,',d_ M AC 1 10 T/gj- 80 r,m_ §0 .-.nN 
"•"3^' 3'^~'~5/^ """g/^ 15/^ "'"S^'^g/^ 3f^~'~3t^~'~3f^ 31^) 

+^ELi^f (/^^+6/"''+V+M^+3M''+V+3/i"-3/x'^+2A^+128A^+if A'+128A^-16A^ 

-f /iS+16/2'^+^/lj-128/i'^-^/2"+|//^-|/i''+f /i=+f /'/-f 
+^ ELi 16/i'^+2//+2/ij+2/+2^i-2;U^°+2//'-4^P + 2//-2//+2A^+128/i^ 
+ /i" + 1 28/1^ + 1 6/1^ + f /iS - 1 + 4|^/ij - 1 28/ii^ - /i™ + ^ /iP 

+ 256 ~q_ 256 ~s+2^a+2^b+16^c+^^d_^^e + 4^g+^^m_^^„) 

+\/fV'oV'3(2M^-20^''+2//-2^j+2/-18/i^+4^'''+2/'-8^P+6/+20^*) 

m I 80 



I / 2 /3,/, t /o-b S-a, 4 -b 32 -c 32-,d, 32,-,e 20 -g 80,-,m, 80,-^ 
+ieo'(4A^+^A^+2A^) 

+ 7ij^(^'l^l8+^2^^63)(2M^ + iA^i+iA^j-f/-f/i'-i/i--i/i"+i/iP-i/i'^+f/^^ 

+48/i'^-f /i^+16/i<i-3/if+i/iS+/i'^+f /ij-32/ik 

+/ic_l^d_l^e) 
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+ vijSti^.^^m5(-2/.°+4/x^-2^«'-4^'-32/.i-f/i-+32M°-f AHf/i--|/i^ 
+7= Ell ^.6+32(-4/2S+2AJ+16/iP-16/i^) 
Ell V.6+8i(-4A^+2A^+16A^-16A*) 

+98A^+2/i^-18Aj-126/i'^+14/i™+f /i^+f /i''+2/i^+2/ii) 

+'\/2:y==('/'1^44+02'^45+'/'3?46+'/'4'^93+05?94+^^665) 

(-3A"+iA'^+iA'+2A^+2/i^+|A") 

+ ^7^^('^1^93+02C94+</'3?95-04C44-05?45-'/'6C46)(3A^ + iA°) 

+V^-^^((^1^47+02'?48+'/'3?49+'/'4'?96+05C97+^i'668) 
4 -i 4 ,-,m I 2 r.i I 8 , 



(§/is+lAJ-iA"^+i/iJ+iA''-iA") 

+A/3y==(</'1^96+'/'2^97+03C98-04^47-'/'5C48-'?!'6C49) 



+\/2 y=J ( <?i>l1^9+?!'2l^lO+'?!'3^^11+'?!'4t'54+05^^55+^6^^56) 

(-4//i^-i//'-iMj-iM''-i/^'+2/^"+2/ti°-2^P+|/i*+^"+iM"-f /x^ 
+18/i^-f /i^-14/l<i+2/i<^+14/ij+2/i'^-f /i™+f /x-i-f /i^'-f /i^) 

+-\/2 ^^^^ (^lt;54+(/>2f55+'/'3^A56-04^9-05'^lO-</'6t;il) 

(2/i°-2/iq+8/li-|/i'^-8/i°-f /i*+f /i") 
(2/x'i+l^^+f ^*+36/i^+4/i^-28/i'i+4/i*^-20/ij+4/x'^+12/i'^-f /i^^ 

('/'1^^57+'/'2'?A58+'/'3''^59-04^^12-05'^13-'?^6^^14)(16/2'-16/j° + 16/i^-^/j'') 
+V2^7^j(0li;39+(/)2U4O+</'3^^41+</'4f84+</'5^^85+</'6^^86)(-6A'' + 2/i''+2/i") 
+\/2-^^^(0lt;84+02^^85+03^^86-04l^39-05l^4O-06l^4l)(-2/i'-6/t''+2/i') 

+i(E!=7 E-=56 )(4/i^+2A''+2/xO 

+i(E!=i3 E-I62 C')(i6/i^+2A^+2A^) 

+i(E-=i9 e?+ El=68 4')(4A^+^A^+A^^+A0 

+i(E-=25 E-i74 eD(9A^+A'+^A'+A''+A0 

+i E£33eK9A'=+/i'+4A') + E-=82 4'(9A^+/i'+4/iO 

+|r(Ef£44 4'+E^^93 4')(A^+Af+|A^+|A^+A'^+A0 
+i(E-=47e.'+E-=96eD(4A^+iA'+fA'+TiA^+iA^+AHA0 

+ iEtl(e^+6e.+12+e.+55e.+6l)(4A''-4/ii) 
+ ^ ELlte+6Ci+61-Ci+55^i+12)(-4A^) 
+ ^ELlCi+32ei+8l(4A^) 

+'v/6 ^ (^44^47+^45^48 +^46^49 +^93^96 +^94^97+^95^98 ) ( § A'' ) 
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+ >/6^('^44?96+^45C97+'^46C98-?93'^47-?94'^48-?95'^49)(|A'^) 
+ 7=Etlte+18^^^+29+W^^^+74)(-A"^-2AP-2A^-2/i'^) 

+ ^Etli^^+18V^+74-^i+67V^+29){-fi''-2f^'+2fi'+2fl') 

+ 7=Etlte+24^;^+18+C^+73^^^+63)(/i^-/i°^-2/^P-2A^-2A-) 

+ 7ftEtlte+24^^^+63-e^+73^^^+18)(-A'^-/i^^-2/i■■+2/iH2A*) 

+ ELl(?i+32l^i+'^i+8ll^i+45)(-A^) 

+ ELlte+32Wi+45-<^i+8ll^i)(A^) 

+ y=(C41 1^15+^42 1^16+^43 l^l7+6ol^60+C9ll^61+C92l^62)(|A'-iA'^ + iA''-4A"'+|A'') 

+ 7=J(C41^^60+C42^^61+C43^^62-6o^^l5-6l^^l6-&2^^17)(iA^ + |A°) 

+ y=j(^41 1^36+^42 W37+?43^^38+6o^^81+C91^^82+C92^^83)(-A^ + |A^-5A") 

+ y=j(^41t'81+?42t^82+^43t^83-60'y36-6l^^37-C92t^38)(-A^+|A''+5A'') 

+ 7=^(C41^^42+C42f43+?43^^44+^90^^87+6ll^88+^92l^89) 

(-f/ii-i/ii+2A^-|A"-iA^-|A"^-|A'^) 

+ 7= (^41 1^87 +^42 ^-88 +^43 ^^89 - ^90 ^^42 - ^91 ^^43 -^92 1^44 ) ( I A^ + 1 A° ) 

+ 7=(C44l^9+^45l^l0+^46^^11+C93l^54+C94t^55+^95l^56)(-5A''-iA'^-^A''-|A™ + |A") 
+ 7=J(C44^^54+C45^^55+C46^^56-63^^9-64Wl0-^95^'ll)(-5A^ + |A°) 
+^7^I*^^4^^12+?45^^13+^46^14+?93^^57+64t^58+C95t^59) 

(-iA^+iA"-iA^+2A"^-iA") 

+ \/2-^^=(^44U57+^45U58+^46^^59-C93^^12-^94^^13-?95^^14)(-|A^-iA°) 
+ 7=j('^44t^39+^45t^40+?46t^41+'?93t^84+'^94t^85+C95l^86)(-A^-6A''+2A'^+2A") 
+ 7=(^44t'84+C45 1^85+^46 t'86-C93t^39-C94t^40-&5l^4l)(-A'^-2A''-6A''+2A*) 
+\/6 ^^^3 (^47-^9 +^48^10+C49'^ll+66t^54+C97t^55 +68^^56) 

(-|A*^+|/ij+iA"^-|AP+iA'^+iA") 

+V67==(C47^^54+?48^^55+C49l^56-C96l^9-?97^^10-68l^ll) 

(§A'-iA'^+|A°+iA'^+iA^-iA*) 

*^^47^^12+^48^^13+C49^^14+66^^57+67^^58+68^^59) (I A''- g A°'+2A^- i A*^- i A") 
+ V^7==(C47^^57+ ^48^^58+^491^59-661^12-67^^13-681^14) 

(-iA'^-iA'^-iA'^-2A^+iA*) 

+ \/6^7^|=(^47l^39+68l^40+C49l^41+66l^84+67l^85+68l^86)(-2A°'+iA'') 

+ V6 ^^3 (■^47l^84+^48'^85+69l^86-66l^39-67''M0-68^^4l)(-|A°) 

+^Etii^l(M"+|/i'+|A^j+i^'^+|M^-i/^"^-iM^^+|Mp-i^'"-|/^* 

+8A*'+|A'+8A'^+|Aj+8A''+fA"'+f '"''+f /^'^+f 
+7i^E-=46^^f(^'+|/^'+|/^^+|/+|A^-|A^'"-iM"+iMP-i/^^-|/^*+8A^+fA0 



+i E'=i t^^i^^+45(8A^+|A"+8A°+f /^*+f /^") 

+^(E-i9^f+E^^54^f)(/^'+|/^'+l^^+f/+i^^-|A^'"-i^°+!M^-l^^-iA^* 

+i/x-+i/x-+|M"+A'^+fA^+A''+A'=+|Aj+A"+iA'" 
+|AP+iA^+|A"'-|A^) 
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I 1 ^Y^14 ,,2, V^59 „,2\/ ,,h_|_l ,,iil ,,j_|_9 ,,k I 1 ,,1 1 ,,m 3 ,,11, 1 ,,pi 1 ..r, 3 ,,t i ,,u 
+ ][IjlZ^i=12^i + Z^j=57^i Km +8/'' +5/^ +8/^ +8M~8M "8^ +4^ +8^+8^+^ 

+i;U^+|;u"+2/ii^+2/i^+2/i'i+2/i«'-2/ij+2/ik-2/i™ 
+12/iP+|/x^+|/i''-4/i«) 

+4A^+4/id+4/xe_4/ij+4/x'^-4/x'^+24/iP+§/x<i+§/x'^-8/i^) 

_i_ 1 ("/ii^ ,2 w 3 ,-|l_Li.hil,,i|l,,ji3,,ki3,,l l,,m 3,,t_i_3 ,,u_i_ 1 ,,v 
+ ];i^l^l8+^63Jl32/^ +8/^+8^^+8/^ +8/''^8M ~%^^+2^^ +2^^ 

+27/i'^+i/i^+3/i'^+3/i^-3/ij-9/i'^+/i"") 

+4/iP+4/i^+4/i''+4/i'^) 
+7^(E-=27%'+Ej=72%')(M'+|/^'+|/^^+|/+|M^-|M"^-i/^'^+iMP 

, J_/v-35 ^2_Ly-80 2W h , 1 i , i j , 49 k , 9 1_1 m_7 n, 5 p_3 r_21 t 

+2/i^+4/xP+4/xi+4/i'^+4/i^) 

I 1 /-"T^SS „,2, v^84 ,,2w,,h I 1 ,,i I 1 ,,j I 49 ,,k I 1 ,,1 1 ,,m 7,,n 
+ ];i^lZ^i=36^i + Z^j=82^^J(M +8M+8M+TM +8^-8^ "8^ 

+|MP+|M''+iM*+2^-+|M^+|//") 

+ i(E£39^f+E^^84%^)(M^+|M' + |M^ + f/+|M'"|M--iM'^+!M^+|M^+iM* 

+2^™+36/7P+4/i'5+4/i'-12/i") 
+7^(E-=42%'+E^^87%')(iA^+i^M'V'+|M'+|Mj+i/+|A.i-i//"+iM'^ 

+iMP-i/"'+iAi*+36/i^+|/r+4/id+4/i^-4/ij 
-12/i'^+|/i"'+f/iP+f/iq+|/i'-+|/i^) 

+-\/2^ ( ^'9^^l2+^^l0^^l3+^^ll^^l4+^^54^^57+^^55^^58+^^56^^59) 

(/x"+i/i^-|//^+2/ib-^/ic+2/id+2/x«+|/xj+2/x'^+|/x'^-8/xP-§/x'i 

+ -^{V15V42 +'Vie,'Vi3+VnV54+V60V87+V6lV88+Ve2V89) 

(24/ib+|/i^-8/i<^+8/i'^-f /ij+8/i'^+|/x"+16/iP-f /i^+f /T) 

+ ^(''^15''^87+''^16''^88+t^l7t^89-t^60t^42-'l^6lt^43-''^62t'44)(-8/i'-|/U°+8/i°-^/^^ 

+ (l^36l^42 +l^37'L'43 +1^38 ^^54+^^81 ^^87 +^^82^^88 +1^831^89 )(" Im'' + 1 A™ ) 

+ 7^('l^36'l^87+'l^37'l^88+'l^38^^89-'y81^^42-'y82l^43-'l^83'l^44)(|A''+gM")}+-f ■ 
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